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I. INTRODUCTION AND BACKGROUND

1.1 INTRODUCTION

The purpose of this investigation was to examine the behavior of
a direct current electric arc in a cross-flow and transverse magnetic
field. The external fields were such that the Lorentz force balanced
the fluid dynamic drag force on the column. This arrangem ent is

defined here as a convected balanced arc. This problem was one of

basic research into the interaction and energy exchange processes
between an electric arc, a velocity field, and a magnetic field.

One application of this investigation would be in the area of arc
heater design and performance. Here the enthalpy of a cold fluid is
increased by (1) the conversion of electric to thermal energy inside
the arc and then (2) energy transfer across the arc boundary into the
fluid. The electric arc has an unlimited power input capability, being
limited only by the capability of the surroundings to remove this
power input and by the capability of the arc’s external power supply.
If the surroundings were suddenly able o remove more energy from
the arc (for example, by increasing the cross-flow velocity), the arc,
for a constant current, would increase its electric field strength to

accommodate this.



The most popular arc heater design (at present) is the electric
arc burning in a tube with a co-axial gas flow. This configuration
exhibits good arc stability and has been put on a sound theoretical
footing by Stine and Watson (Ref. 14). In this design, however, a
large fraction of the column energy input (EI) is transferred to the
tube walls and is not available to heat the cold fluid.

Another configuration for arc heater design is the cross-flow
configuration where the arc column moves, normal to its axis,
through the gas or the arc is stationary and immersed in a moving
fluid (i. e. the convected balanced arc). This configuration does not
have the tube walls of the co-axial design, thus all of the energy put
into the column must be transferred to the cold fluid flowing around
the arc. The cross-flow configuration appears to be a more efficient
arc heater design than the co-axial configuration, however, many
guestions must be answered before a valid performance estimate can
be made of a cross-flow arc heater. For example, "How comparable is
an arc in a cross-flow and a transverse magnetic field to a heated solid
cylinder in a cross-flow?" The stability of the arc in a cross-flow
is not as easily achieved as it is for the co-axial design. This is
because the interaction processes between the arc, the velocity field
and the magnetic field are still in question. Also, the theoretical

treatment of the cross-flow design is much more difficult since all



the boundary conditions are not known a priori and the arc is not
rotationally symmetric.

The experimental and theoretical investigation reported in this
dissertation is arranged as follows. Section II reports the experi-
mental information obtained on convected balanced arcs at high cur-
rents (200 to 500 amperes) in supersonic airstreams of Mach 2. 5,
3.0 and 3. 5. Section IIl presents a development of the theory for
convected balanced arc columns. The governing equations and bound-
ary conditions are formulated (assuming a continuum fluid) and the
important similarity parameters are defined. In Section IV the ex-
perimental results from this investigation and from Ref. 19 are dis-
cussed and compared with the theory. The theory of Section III is
advanced a little further as a result of the comparison with experi-
mental data. Results from the numerical solution of the governing
equations are presented in Section V and are compared with experi-
mental information.

Appendix A discusses the analogy between the natural convec-
tion of heat in a horizontal tube and the convection of heat inside a
convected balanced arc. Appendix B presents experimental correla-
tion curves for the forced and natural convection heat transfer from

heated solid cylinders. Probably the most striking observation of a



convected balanced arc in a supersonic airstream is the characteristic
slant of the arc. Reasons for the slant are presented in Appendix C
along with a discussion of the general arc configuration. The free-
burning arc was of interest in this investigation since it represented
the limiting case of the convected balanced arc when the cross-flow
vanished. For this reason an experimental study of free-burning

arcs at currents of 190 to 400 amperes and pressures of 1 atmosphere
down to 0.0191 atmospheres was conducted and the results are shown
in Appendix D.

1.2 GENERAL FEATURES OF AN ARC

An arc is a subdivision of the general electrical phenomena termed
self sustaining gaseous discharges. Static discharge characteristics
are shown in Fig. 25. The discharge is sustained by (1) the existence
of a conducting fluid (usually a gas) between an anode and cathode
electrode, and (2) the emission of electrons by the cathode under the
bombardment of positive ions and light quanta from the gas.

Region A of Fig. 25 is characterized by a large voltage drop of
several hundred volts, and a low current (usually less than 1 ampere)
and is called the glow discharge region (Ref. 46, Chapter 15 and 16).
The arc discharge is shown as region B of Fig. 25 and differs from

the glow discharge in that it has a low voltage drop and is capable of



sustaining large currents (Ref. 4 and 45). The region between the
electrodes of an arc is a fairly uniform plasma (that is to say free
from electrode effects) and is a useful tool in plasma research.

The arc can be divided into three regions: the cathode drop re-
gion, positive column and the anode drop region. These three regions
are shown in Fig. 28. The two drop regions are extremely short (on
the order of an ion mean free path) and are characterized by sharp
drops in potential near both electrodes. The potential drops (often
called potential falls or drop voltages) are attributed to space charge
accumulation close to the electrodes and the physical processes occur-
ing in and near these areas are not too well understood (Ref. 1, 2, 3,
5, 6, and 13 give excellent discussions of the drop phenomena). It is
the task of the drop region to bring about the electrical contact of the
plasma column at a high gas temperature with the electrodes at a lower
temperature. The region between the anode and cathode drop is called
the positive column and as mentioned above is a fairly uniform region.
The name "'positive column'" was given to this region of the arc by the
early investigators who thought the plasma column was an extension
of the anode or positive drop region.

In order for an arc to be self sustaining there must be a manufac-
ture of electrons some where in the arc. This is obvious since electrons

near the cathode move along the arc under the axial electric field



towards the anode while the ions, being much more massive than the
electrons, are relatively stationary in the column and provide charge
neutrality. Electrons are produced by the ionization of the neutral

gas in the column but the primary source of electrons is the cathode
itself. Ions are accelerated through the cathode fall and bombard

the cathode, imparting energy and increasing the temperature of the
cathode. Electrons are then emitted from the cathode by several mech-
anisms. The primary mechanisms are thermionic emission, field
emission (electrons are drawn out of the metal by very high electro-
static fields) and a combination of thermionic and field emission called
T-F emission (Ref. 3).

The cathode is further characterized by a strong constriction of
the arc column at the cathode. The ion bombardment is more efficient
when it concentrates its '"conditioning' on a small spot rather than an
area the size of the column cross-section. This constriction gives
risetoa magnetic pressure gradient in the cathode fall region which
accelerates the plasma in the axial direction into the uniform column.
This action draws air in from the surroundings (Maecker, Ref. 1,
refers to this as a pumping action) and provides a cathode jet along
the column towards the anode (see also Ref. 3 and 13).

The anode, compared to the cathode, has a selatively passive rolein

the discharge process. The arc anodes do not to any significant extent



emit positive ions, however, at large currents a strong anode jet
can exist (King, Ref. 57).
1.3 THERMAL AND NON-THERMAL ARCS

For a plasma in local thermodynamic equilibrium the number of
collisions between electrons and heavy plasma particles is so large
that the electrons fransfer their total excess energy, which they dé—
rived from thé electrié field, to the heavy particles. In the weakly
ionized arc column this energy transfer is primarily by elasti¢ col-
lisions (Ref. 28 and 46). Thus there must be many collisions since
the amount of energy transferred in a single elastic collision is small

(on the order of me/ mi).

For arcs operating at gas or vapor pressures of 1 atm or greater
the conditions for thermodynamic equilibrium are particularly well
met because of the large number of collisions between electrons,
atoms and ions. Such arcs are called "thermal arcs' or simply
""high pressure arcs'.

Arcs operating at low gas pressui' es (something less than 1 mm Hg)
are usually not in local thermodynamic equilibrium. At these low
pressures there are not enough collisions to establish equilibrium
between the electrons and the heavier plasma particles, and the elec-
tron temperature Te is much larger than the gas temperature T .

Such arcs are called "non-thermal arcs'" or '"low pressure arcs'.



Figure 29 shows a typical temperature dependence on gas temper-
atures at various pressures. There is not, however, a defined pres-
sure above which the arc qualifies as a thermal arc and below which
it is a non-thermal arc. In general, high pressure arcs will refer to
arcs at pressures of the order of 1 atm. An external transverse mag-
netic field can effectively increase the pressure in which an arc is
operating. The magnetic field effectively decreases the mean free
path of electron-neutral collisions since the trajectories of the elec-
trons between collisions are not straight lines but gyrations around
the field lines. Thus, the collision frequency is increased as though
there were an increase in pressure. Blevin (Ref. 46, p. 125) defines

the effective pressure POO' as

2 2
| -
Poo—Pco 1-Hve Te

where W, = Be/ m, electron cyclotron frequency
Te = electron-neutral collision time (Ref. 24 and 25)
w_ T = Hall parameter
e e
Hence, for arcs operating in external transverse magnetic fields, the
effective pressure should be used in determining whether an arc is
thermal or non-thermal.
Tonks and Langmuir (Ref. 12) state that the fundamental relations

for describing the column of the low pressure arc are:



(1) Plasma balance (i.e. species continuity equation)

(2) TIon generation and recombination equations

(3) Mobility equations for ions and electrons

{4) Ohm's law for electron current

(5) Energy balance equation
Champion (Ref. 11) and Thompson (Ref. 8) show that these five funda-
mental relations, plus Maxwell's equations form a necessary and
sufficient set for a full description of the non-thermal arc. Hoh (Ref.
T) considers the effect of a magnetic field upon the low pressure arc.
The non-thermal arc is an interesting and important facet of plasma
physics but it is not considered further in this investigation.

The positive column of the high pressure or thermal arc is ana-
lyzed considering the plasma as a single specie gas or continuum fluid
at some local pressure and temperature (Ref. 1 and 10). The theory
for a thermal arc column in a transverse flow and magnetic field is
discussed in detail in Section 3. 2.

1.4 CLASSIFICATION OF THERMAL ARCS

Steady arcs can be one of several different types depending upon
the boundary conditions imposed by the surroundings. From this point
of view, steady arcs are usually classified as electrode stabilized, wall
stabilized or convection stabilized. Here the word "stabilize" means
to impose boundary conditions which will guarantee the arc to be in a

steady state.



For example an electrode stabilized arc has the steady state energy
input in the column (i.e. joule heating) balanced primarily by energy
transport to the electrodes. The column is very short and really not
uniform since there is significant energy transfer in the axial direc-
tion (Ref. 44, 45, and 46). The electrode stabilized arc is difficult
to analyze because a significant portion of its length is in the drop
regions. The anode and cathode drop regions are not in thermodynamic
equilibrium regardiess of the gas pressure since the electron accelera-
tion takes place so suddenly in the high electric field region that there
are not enough collisions to establish equilibrium (Ref. 5 and 6).

A wall stabilized arc is an arc burning in a tube of fixed tempera-
ture. The arc length is long enough such that there is an interval of
uniform column, free from electrode effects, where the joule heating
is balanced by two-dimensional heat conduction and radiation to the
wall. This arc can be analyzed very nicely because the boundary con-
ditions are known and there is no convection involved in the problem.
This problem has been studied extensively (see, for example, Ref. 9)
and is fairly well understood.

A convection stabilized arc is an arc that is burning in a station-
ary fluid (free convection or free-burning arc) or a moving fluid

(forced convection arc). The convection heat transfer at the arc

10



boundary is the primary energy transfer mechanism that balances
the input energy. Radiation is usually negligible, however, it can
become as much as 1/3 of the input energy for high pressure, high
current arcs (see Ref. 55 and 56).

The arc in a moving fluid is swept downstream with‘the flow un-
less the arc column is held stationary by some means. Usually the
arc is held stationary by impressing a transverse magnetic field of
sufficient strength such that the resulting Lorentz force just balances
the fluid dynamic "drag'" force on the column.

1.5 REVIEW OF THE CONVECTED BALANCED ARC LITERATURE

Roman and Myers (Ref. 20) made a survey of all the investigations
through early 1966 of electric arc interactions with magnetic and aero-
dynamic fields. Their review is an excellent account of the work done
on travelling arcs (i.e. arcs moving along the electrodes due to the
Lorentz force) as well as stationary arcs. Because of their survey
of the literature, this review will be limited to the references which
influenced this investigation.

Bond (Ref. 17) investigated the balanced convected arc in a Mach
2.0 and 2. 5 airstream with the experimental set-up shown in Fig. 1
and 2 and described in Section 2.1. He examined a current range of
200 to 900 amperes, free-stream pressures P, of 20 to 50 mm Hg and

different electrode materials. The external magnetic field decreased

11



in the upstream direction such that the arc could move along the

electrodes until a balance between the Lorentz force and fluid dy-

namic drag force was achieved. The arc was observed photograph-

ically and appeared to be quite steady.

Bond made the following observations:

1)

()

(3)

(4)

(5)

(6)

At Moo= 2.5 and Poo= 29 mm Hg the electric field was constant
at 35. 5 volts/in. over the current range of 300 to 700 amperes.
The value of the magnetic field required for balancing the arc
was dependent only upon the value of Poo'

The arc column slanted between the cone cylinder electrodes
with the anode always upstream of the cathode. The angle of
the slant was approximately that of the local Mach angle and
did not vary with current, Poo or electrode material.

With the cathode above the anode, the cathode spot was on
the side of the cathode and not on the underside as one would
expect.

The arc configuration was quite steady when it could assume
its characteristic slant, however it became very unsteady
and resembled a ball of fire when conditions were such that
it couldn’t slant.

From photographs, the arc diameter appeared to increase

with current.
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Roman (Ref. 19) investigated an arc in a subsonic cross-flow
and transverse magnetic field at one atmosphere. Argon was blown
past the tungsten cathode to prevent rapid oxidation. This resulted in
an air seeded argon arc burning in air and introduced uncertainties
about the physical and transport properties of the arc. Roman investi-
gated a current range of 200 to 400 amperes, with free stream veloc-
ities up to 60 ft/sec and magnetic fields up to 50 gauss. His experi-
mental results are shown in Fig. 12 and 13 and were used extensively
in this investigation.
Roman's general observations were:
(1) Photographs of the arc showed an increase of the streamwise
(ds and transverse (dT) dimensions with current. The arc
appeared to have an elliptical cross-section with dT/ ds about
1.5. The dS decreased and dT increased for a constant cur-
rent and increasing flow velocity. The dimensions varied
linearly with current and flow velocity.
(2) Using the force balance equation

1 Zd

BI:CD-Z—poouoo T

Roman determined CD values, based upon dT, of 0.7to 1.1.

The free stream Reynold's number range was 4 x 102 to
4x 103 and these CD values were similar to the values for

solid cylinders with the same cross flow Reynold's numbers.
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(3) Miniaturized pitot, enthalpy and heat flux probes were used
to determine the velocity and energy distribution in the region
downstream of the arc. The velocity measurements showed
a stagnant region directly behind the arc with a clearly de-
fined wake formation. Flow visualization with a micron-size
particle injection scheme was used in conjunction with high-
speed photography to study the flow pattern near the arc
boundary and in the wake region. These studies showed the
separation point for the arc to be about the same as for a
svlid cylinder in incompressible flow. From this he con-
cluded that the arc was impervious to the external flow.

(4) From photographs of the arc, the temperature at the edge of
the luminous region was estimated to be 6000°K + 1000°K.

(5) The Nusselt number for the column was determined and found
to be within an order of magnitude of Hilpert's curve (Fig.
B-1).

The characteristic curves (Fig. 13a) were fairly flat over the
current range for uoo< 40 fps. For higher velocities the slope of the
characteristic curve became slightly negative. The arc dimensions
increased with current. Roman remarhs in Ref. 20 that his experi-
mental data (at the large current) might have been affected by wall

interference due to the close proximity of the magnets.
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Fischer and Uhlenbusch (Ref. 39) considered the theoretical
problem of a wall stabilized nitrogen arc at one atmosphere with a
transverse magnetic field. They were interested in determining the
cross~sectional streamline pattern and temperature distribution due
to the internal circulation generated by the Lorentz force. The inter-
nal flow was assumed to be steady, two-dimensional and incompres-
sible. The self magnetic field and the inertia terms in the momentum
equation were neglected. The boundary conditions at the wall, were the
no-slip condition and a temperature of 0°K.

The solution of the vorticity and energy equations were carried
out numerically with the heat flux potential and stream function ex-
pressed as Fourier series. The numerical solution was limited by
computer storage and Fischer and Uhlenbusch were able to obtain
valid solutions only for magnetic fields up to about 150 gauss.

The solution for the streamlines indicated a double-vortex pattern
displaced in the direction of the Lorentz force. The temperature
distributions were shifted with the peak temperature forward of the
arc centerline. For a constant current, the calculated electric field
increased as the magnetic field increased from 0 to 150 gauss.

Harvey (Ref. 31) made an experimental and theoretical investiga-
tion of convected balanced arcs. His experimental work was an ex-

tension of Bond's effort with more data taken at Mach 2. 5 and new
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data at Mach 3.5. He introduced magnesium particles into the
column at the anode and was able to observe their motion along the
column using high-speed photography. The estimated speed of the
tracer particles in the column was about 35 fps.

Harvey reported the following observations:

(1) On the basis of the high-speed motion pictures of the mag-
nesium tracers, the arc column is essentially impervious to
the free-stream.

(2) The luminous region of the arc appeared to be elliptical in

shape with the transverse dimension d

T larger than the

streamwise dimension dS

(3) The force and heat transfer coefficients, based upon dT and
the normal component of the free-stream velocity, were with-
in a factor of 3 of the analogous coefficients for solid cylinders
with the same optical shape and free-stream conditions.

(4) The arc configuration had the same characteristic slant ob-
served by Bond. The slant angle was approximately the local
Mach angle at MOo of 2.5 and 3. 5 and this angle did not change
with current or Pw.

Harvey extended the numerical work of Fischer and Uhlenbusch

(Ref. 39) to higher values for the magnetic field. He retained the

inertia terms in the momentum equation and considered a wall
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temperature of 4400°K. His solutions showed that as the magnetic
field was increased to higher values the peak temperature shifted to
the front of the arc and the temperature contours were distorted
around the periphery of the cross-section.

The natural convection of heat in a horizontal tube is very similar
to the flow behavior in a balanced convected arc in that the convection
currents are generated in both cases by body forces dependent upon
temperature. In this regard the efforts of Weinbaum (Ref. 32) and
Ostrach and Menold (Ref. 33) were very helpful in the early stages of
this investigation. The analogy between these two problems is made

in Section 3. 5 and Weinbaum's work is presented in Appendix A.
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II. EXPERIMENTAL RESULTS
2.1 EXPERIMENTAL SET-UP AND EQUIPMENT

The experimental apparatus consisted of two rail electrodes
mounted in the University of Michigan 4 in. x 7 in. supersonic wind
tunnel (blow-down) with water cooled field coils providing a trans-
verse magnetic field. This set-up is shown in Fig. 2. This appara-~
tus was designed and fabricated by Bond (Ref. 17) during his work at
the University of Michigan.

The electrodes are cone cylinders, about six inches long and
one half inch in diameter with a 7 1/2° half angle cone (Fig. 1).
Carbon and OFHC* copper were used as the electrode materials.

The anode was usually on the bottom.

The transverse magnetic field was supplied by two coaxial coils
located on opposite sides of the tunnel (Fig. 2c). Each coil is water
cooled and contains eleven pancake segments about 12 in. in diameter.
The coils provide a maximum flux density at the tunnel centerline of
6400 gauss with 2000 amps flowing through the coils. The magnetic
field decreases upstream in the vicinity of the electrodes as shown in
Fig. 6. The coils could be moved upstream and downstream to bal-
ance the arc. The power supply for the coils and the arc was a 600

volt, 1600 amp d. c. generator.

*Oxygen free, high conductivity copper.
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The arc, shown schematically in Fig. 6, was initiated by explod-
ing a firing wire. The operation sequence was to start the tunnel and
then close the firing switch which first energized the coils and, about
4 sec later, energized the arc circuit. A typical.run was 1.5 sec in
duration. Longer runs resulted in considerable damage to the elec-
trodes since they were uncooled. If conditions were right for a steady
arc to be established (i.e. stagnation pressure, Mach number, arc
current, coil location and coil current) it was established very
quickly (i.e. less than 10"2 sec). The arc was able to move along
the electrodes until the balanced arc conditions were satisfied.

The measurements of currents and voltages were made using a
light-beam oscillograph, Visicorder Model 1508. Hathaway galvonom-
eters were used in the instrument.

Visual observations of the arc were made using a 16 mm Fastax
(Model W 163269) and a 35 mm Nikon camera. A mirror arrange-
ment (Fig. 2c) external to the supersonic tunnel permitted near head-
on and side-on observations simultaneously. The film used in the
Fastax was Dupont 931A (£/16) and Kodachrome II KR4 30 (/5. 6) at
speeds of 4000 to 7000 frames/sec. The film used in the Nikon cam-
era was ADOX KB14 (f/16 at 1/1000) and Kodak Panatomic X

(£/11 at 1/1000).
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2.2 RANGE OF EXPERIMENTAL TEST CONDITIONS

With the experimental set-up described in the last section, a
balanced convected arc in a supersonic stream could be investigated
at Mach numbers of 2.0 to about 3.5. This investigation considered
Mach numbers of 2.5, 3.0, and 3.5. An attempt was made to have
the same free stream pressure, Pcofor all 3 Mach numbers, but this
was not possible. With one atmosphere total pressure, the Poofor
MOO= 3.5 was 9.6 mm of Hg. The lowest total pressure for M°0= 2.5

at which a steady arc could be established was P, = 13.0 in. of Hg

t
which gave a Pw= 19. 3 mm of Hg. For total pressures less than
13.0 in. of Hg at Moo= 2.5 the tunnel was thermally choked due to
the energy addition from the arc. The Pt for MOO= 3.0 was set at
21.0 in. of Hg which gave a Poo= 14.5 mm of Hg, an intermediate
value between the free stream pressures at MOO= 2.5and 3.5. The
range of the other test conditions are given in Table I and Fig. 22.
2.3 VISUAL OBSERVATIONS

Photographs of steady and unsteady convected arcs in a super-
sonic stream are shown in Fig. 3, 4, and 5. One observes, first of

all, that the steady arc has clearly defined boundaries slanted with
the anode spot upstream of the cathode spot. Also, that the cathode
spot for the steady arc is on the side of the cathode and not on the
underside as one would expect. These observations were first made

by Bond in Ref. 17.
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The arc shown in Fig. 5 is termed an unsteady arc. The photo-
graph shows the boundaries of the arc as fairly well defined, but not
as clear and distinct as for the steady arc shown in Fig. 3 or 4. The
arc of Fig. b is balanced but it is not steady as evidenced by the large
fluctuations in voltage (i.e. greater than + 7 volts) and (to a lesser
degree) current as shown on the Visicorder trace. Also, the cathode
root is not a well defined spot, but rather seems to encompass the
entire perimeter of the cathode. This unsteady arc configuration was
forced by locating the field coils such that the arc could not attain a
steady arc configuration. If the field coils had been moved upstream
about one inch the test condition would have been identical to those of
Run 657 and the arc configuration would have looked like Fig. 10a.

All data used in this investigation were obtained from arcs quali-
fying as steady arcs. To qualify as a steady arc, its photograph had
to show very distinct and well defined boundaries and a cathode spot
on the side of the cathode. Also, and most important, its voltage
and current traces had to be very steady as in Fig. 3 and 4.

The steady arcs showed a different slant angle for the lower and
upper leading edges (anode on the bottom). These observed angles
are shown on Fig. 7. The angles increase with increasing arc cur-

rent* and appear to be related with the free-stream Mach angle, since

*This is contrary to the observations of Bond (Ref. 17) and Harvey
(Ref. 31). This piece of experimental information is very important
and results in the qualitative agreement between the data of this
investigation and Roman (Ref. 19).
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they change with Mach number. The reason for the arc slant appears
to be fluid dynamic rather than an electromagnetodynamic, such as
Hall effect. The reasons for this argument will be discussed in
Appendix C. Also, the point where the leading edge slant changes
(half way along the column) is the intersection region between the
upper and lower electrode conical shocks.

It was observed that once the proper location for the field coils
was found to establish a steady arc at a particular Mach number, the
coils could be left at this location while the current was varied from
200 to 500 amps. The arc is free to move along the electrodes seek-
ing the proper conditions for balancing. With the field coils fixed,
however, the anode spot was also fixed, over the above current range.
This indicated that the value of the magnetic field B at the reference
station was fairly constant for fixed free stream conditions but vari-
able current*. Actually, the value of B decreased slightly with in-
creasing current due to the increasing slant of the reference station.
The values of B/ Qog, VETSUS arc current I for this investigation are

shown on Fig. 12 along with some of Roman's data (Ref. 19).

*The observation that B was independent of current but dependent
on Pyand Ty was first made by Bond (Ref. 17).
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About 2/3 of the distance along the column from the anode on the
near head-on view one observes an "interaction region. " This appears
to be an interaction between the fluid flowing along the column from
the anode and the plasma jet from the cathode. The fluid appears to
stream out the side of the arc at about the location of minimum pressure
or the separation point (see Figure 10) *. This behavior is identical to
that observed by Morse et al. (Ref. 69) who observed this interaction
between the cathode plasma jet and column flow from the anode, As
the current is increased to 500 amps this plasma jet becomes stronger,
causing the interaction region to get larger and move down the column.

Since the arc dimensions and value of the magnetic field vary
along the arc column, a reference station was selected for these
measurements. It was required that this reference station be in an
interval of uniform column. A station 1/3 the distance from the anode
to the cathode was selected as the reference station and all dimensions
and values of magnetic field were measured there (Figure 6). It was
observed in the free-burning arc experiments discussed in Appendix
D that for Py = 14. 5 mm Hg, the free - burning arc was convection

stabilized for arc lengths greater than 2.0 in. This means

*Roman (Ref. 19) observed a separation point and formation of a
wake for convected balanced arcs.
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that for arc lengths greater than 2 in. there exists an interval of
column where the arc can be assumed uniform in the axial direction.
This assumption becomes more valid the longer the arc. Thus, for
distances greater than one inch from the electrodes the energy balance
can be considered two-dimensional and none of the column energy is
fransported to the electrodes. Since the arc lengths for the convected
balanced arc were greater than 3.0 in., the reference station appears
to be far enough from the anode such that the input power gradient

EI is balanced by two-dimensional radiation, forced convection and
mass transfer at the boundary.

It appears from the photographs and from the drawing of Fig. 6
that the reference station is far enough away from the interaction
regions of (1) the upper and lower conical shocks and (2) the con-
fluence of the anode and cathode flow so that their influences should
be negligible. Thus itis hypothesized that at this reference station
the arc simulates, to a satisfactory approximation, a uniform column
inclined to the free stream.

An interesting observation can be made from the arc photographs
shown in Fig. 10. The brightest region at the reference station is near
the leading edge. This observation is further strengthened by the
microdensitometer scans of Fig. 10a (Run 657) shown in Fig. 26.

These results indicate that the peak temperature occurs near the leading
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edge and not at the arc centerline. This shift in the peak temperature
in the direction of the Lorentz force is observed in numerical calcula-
tions and will be discussed more in Section V.

2.4 ARC DIMENSIONS OF THE LUMINOUS REGION

The arc dimensions of the luminous region at the reference station
were obtained from photographs using the Nikon camera with Kodak
Panatomic X film at /11 and 1/1000. The developing was in D-76
(diluted 1 to 4) for 5 min. This gave a film characteristic response
curve (density versus log exposure *) with a very low gamma, y = 0. 225.
These photographic conditions were used to insure that over the in-
tensity range of interest the film response was linear so that the arc
detail was preserved.

The photographs, such as Fig. 3, 4, and 10 show that the leading
edge of the luminous region is very distinct and well defined, whereas
the sides and back are less clear. By requiring very steady arcs in
all cases and comparing all photographs with each other, quantitative
dimensions of the luminous region were obtained.

The boundary of this region represents an isotherm and tempera-
ture gradient combination because the path length changes with trans-

verse distance. ** Since the temperature gradients appear to be steep

*Exposure = (intensity) (exposure time or shutter speed).

**The effect of path length on the luminosity will be discussed in
more detail in Section 5. 6.
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in this region it will be assumed that the luminous boundary is an
isotherm. At this time, the temperature corresponding to this bound-
ary is not known. Estimates are 6000 to 7200°K (Ref. 19 and Section 5. 5).
These dimensions, however, are relative to all the arc data and pro-
vide an appropriate characteristic dimension for the arc data taken
at Mach 2.5, 3.0, and 3.5. Using this characteristic dimension, a
characteristic or mean temperature can be determinéd for each set
of arc data.

The measurements of the arc column indicated clearly that the
arc cross-section is not circular but that the transverse dimension,
dT" is about one and one half times as large as the free-stream

dimension,d_,. It was assumed that the cross-section was elliptical

g
in shape. Measurements were made on arcs at electrode gaps of
1.0 in. and 0.6 in. and with copper and carbon electrodes. In all
cases the dimensions of the column were the same, being dependent
only on current and Mach number. These observed dimensions are
shown on Fig. 8.

For one sequence of five identical runs, the lens opening was set
at £/8, £/11, £/16, £/22, and £/32. Figure 10 shows photographs of
3 of the 5 runs. The developing was held constant as mentioned

earlier. The dimensions of the luminous region did not change.

Since the radiative power received by the film was different for each
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lens setting, the invariance of the luminous dimension indicated that
the dimensions represented isotherm boundaries in a region of steep
temperature gradients. This observation was also reported by
Harvey (Ref. 31). Figure 10 also indicates the repeatability of the
balanced arc obtained with the test set-up.

2.5 ELECTRIC CHARACTERISTICS FOR THE CONVECTED
BALANCED ARC IN A SUPERSONIC STREAM

The electric field strength E (or voltage gradient) of the column
was determined by measuring the potential across the electrodes at
gaps of 1.0 and 0.6 in. Suits reported in Ref. 40 that determining
the E field by changing the gap from run to run is very difficult.
Therefore, great care and patience was taken in making the voltage
and current measurements. The arcs were required to be very
steady with very little voltage fluctuation (the voltage trace was re~
quired to resemble that of Fig. 3). The photographs of each run
were required to show that the arc configurations were comparable.
After much effort, a setof consistentdata was obtained and the result-
ing E versus current (characteristic curve) is shown in Fig. 9. An
interesting feature of the characteristic curves for convected bal-
anced arcs is the flat portion starting at about 250 amps. This flat
portion begins at 50 to 100 amps for free-burning arcs as shown in
Appendix D and by King (Ref. 57). The free-burning arc character-
istic for Poo= 14.5 mm Hg is shown in Fig. 9 for comparison with the

Mach 3.0 curve.
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2.6 EFFECTIVE TEMPERATURES

Effective temperatures T(I for the balanced convected arcs were

determined by firstcalculating a mean electrical conductivity

G =o—L (2-1)

(Z— des> E

and then using Ref. 47 to provide To =1(o , Pog. These temperatures
are shown in Fig. 11. The quantity determined is an effective temper-
ature which, were it constant across the section of the arc, would
provide the proper constant electron density for the observed electric
gradient. This effective temperature is not the peak temperature of the
convected balanced arc. It is, however, a temperature that charac-
terizes the behavior of the arc.

The interesting observation from Fig. 11 is that the effective temper-
atures for a given MOO are nearly constant over the current range of
250 to 600 amps. Free-burning and convected arcs are able to increase
their cross-sectional area to accommodate increases in current,
thereby maintaining a fairly constant mean current density. Suits
(Ref. 42) observed that this mean current density for free burning
arcs in air, nitrogen and hydrogen was nearly constant over a great
range of current. If E were fairly constant, as indicated in Fig. 9, the
effective temperature would be constant for varying current and

constant P .
o0
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2.7 ENERGY TRANSFER FROM THE ARC

In the uniform column of the convected balanced arc, the input
power gradient is balanced by two-dimensional radiation, forced con-
vection and mass transfer at the boundary. It is useful to examine
these mechanisms of energy transfer to determine which ones are
dominant.

Because of the low pressures used in this investigation, the radi-
ation corresponding to the temperatures of Fig. 11 is negligible com-
pared to the power input gradient of the convected balanced arc
column. Harvey (Ref. 31, p. 45) estimated the ratio of power radi-
ated to joule heating to be 10"3 for a 300 amp convected balanced arc
at Moo= 2.5.

An estimate of the energy transfer across the arc boundary by
mass transfer can be made as follows:
= energy transfer across boundary by mass transfer

QMT
=2rr phu watt/cm

We assume a boundary temperature T, of 6000°K and consider

b
the following typical values:

Poo =14.5 mm Hg
E = 18 volt/in. = 7.1 volt/cm
I =300 amp
Qinput = 5400 watt/in. = 2130 watt/cm
r, =0.5cm

b
h = 29, 600 watt-sec/gm (Ref. 49)

p=6.14x 107" gm/cm
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The value of the radial velocity w at the boundary in order for
QMT =0.1 Qinput is 3730 cm/sec or 121 ft/sec. This value of u
would require extremely large axial velocities. Harvey (Ref. 31)
observed flow velocities along the column of about 35 ft/sec. Thus

the required radial velocities for to be 10% of the input energy

QMT
are unrealistic. The energy transfer across the boundary by mass
transfer can therefore be considered negligible compared to the joule

heating. Estimates made of using Roman's experimental data

QMT
(Ref. 19) indicate that the neglect of QMT is equally valid for high
current arcs at one atmosphere.

Thus, we can assume that the primary energy transfer mechan-
ism balancing the input power will be forced convection at the arc
boundary.

2.8 CHARACTERISTICS OF FREE-BURNING ARCS

The free-burning arc can be considered as the limiting case of
a convected balanced arc as Yo -~0. The transition from a free-
burning arc to a convected balanced arc was considered (discussed
in Section IV) and it was of interest to know the E-I curve for high
current, low pressure free-burning arcs.

For this reason an experimental investigation of free-burning

arcs in air at pressures of 1.0 to . 0191 atm* and currents of 190 to

*P =.0191 atm is 14.5 mm Hg and is the same free stream
)
static pressure for the MOO= 3.0 runs.
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400 amps was carried out and is discussed in detail in Appendix D.
The interesting observation to note here is that the characteristic
curves are flat over this pressure and current range. The curve for
Poo= .0191 is shown in Fig. 9. Also, at this lowést pressure the arc

was natural convection stabilized for column lengths greater than

2.0 in.
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TABLE I. RANGE OF EXPERIMENTAL CONDITIONS

Item M =2.5

Average free stream

temperature, Too, °k 126
Free stream pressure,

P , mm Hg 19.3

0

Average value of magnetic

field, gauss 1730
Current range, amps 175-500
Slant angle range, degrees 22-217
Range of free stream normal

velocities, fps 705-845
Free stream velocity, fps 1840

Range of free-stream normal
Reynold's number

Range of Lorentz number

101

14.5

1430
175-500

171/2-24

642-800

1970

See Figure 22

See Figure 22

84

9.6

1100
175-500

16-21

615-745

2110

Note: All values are for the reference station defined in Section 2. 3.
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II. THEORY OF CONVECTED BALANCED ARCS

3.1 PHYSICAL MODEL

The convected balanced arc is defined here as a vertical D. C.
electric arc immersed in a moving fluid and an external magnetic
field. The moving fluid and magnetic field are at right angles to each
other such that the Lorentz force (7 x B) on the arc balances the
momentum loss of the fluid (fluid dynamic drag) as it flows around
the arc. Experimentally this is the problem considered by Bond
(Ref. 17), Myers et al (Ref. 18), Roman (Ref. 19), and Harvey (Ref. 31).
Malliaris (Ref. 26), Bond and Potillo (Ref. 21) and many others have
consideréd the moving convected arc where the transverse magnetic
field accelerates or retards the motion of the arc through the fluid.

Experimentally it is observed that the arc is impervious to the
external flow, that is, that there is no flow through the arc. The
external flow interacts with the periphery of the arc and probably
"strips off'" heated fluid from the arc boundary, but there is a re-
gion of the arc, interior to this interaction layer, where the exter-
nal flow does not penetrate and which remains as an entity. This in-

terior region is denoted as the arc core.
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This impervious body behavior has been observed by several
investigators. Kuethe et al. (Ref. 29 and 30) and Harvey (Ref. 31)
observed and measured flow along the arc column of a balanced con-
vected arc in a supersonic stream. Harvey introduced magnesium
particles into the column at the anode and was able to follow their
trajectory up the column. The presence of the jet interaction region
shown in Fig. 3 and discussed in Section 2. 3 is further evidence that
there is an axial flow along the column. If the external stream flowed
through the arc column the axial flow could not exist. Thus its pres-
ence indicates a region of the arc column which is impervious to the
external stream.

Roman in Ref. 19 studied the wake behind a convected balanced
arc in a low speed flow and concluded that the arc was "'similar' *{o a
heated solid cylinder. He observed a flow separation at about 90° from
the stagnation point and a very well defined wake formation. The
region behind the arc was stagnant, The arc wake was about twice as
wide as the wake from a solid cylinder having a diameter comparable
o the transverse luminous dimenseion of the arc. These observations

can not be consistent with the concept of a flow-through arc.

*The use of the term "'similar' here and elsewhere in the thesis
does not imply fluid dynamic similarity, but rather it is used in the
sense that a convected balanced arc and a heated solid cylinder have
certain features in common such as a boundary layer, flow separation
and a wake,
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Based upon the impervious body behavior the following physical

model, shown in Fig. 14, will be used to study the plasma column of

the convected balanced arc:

(1) Arc core or interior region

a.

The gas is a high temperature conducting fluid.
Generally the degree of ionization for arcs is

less than 10% (i. e. weakly ionized).
The column is steady and uniform.

The arc configuration is such that buoyancy
forces are small compared to the Lorentz

force in the cross-section.

Electrons, ions and neutral particles are in
equilibrium at the same temperature T. This

is an assumption which will be valid provided
the electric field is not too strong (i.e. drift
speed of electrons << mean thermal speed of
electrons) and the gas pressure is not too low.
This is the thermal arc assumption mentioned in
Section 1. 3 and as before there is not a clearly
defined pressure above which the arc is thermal
(Ref. 4). This assumption will permit the use

of continuum fluid ideas, i. e. the MHD approach.

The arc shape is not necessarily circular. From
experiment (Fig. 8) we observe that this is indeed

the case.

The self magnetic field is negligible compared to
the external uniform field (Ref. 20, p. 25).
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(2) Free stream or exterior region

a. The gas is a cold non-conducting fluid at
ambient flow conditions.
b. The gas is a continrtum fluid and the flow

is steady and uniform.
(3) Interaction region or boundary layer

a. This is the flow region between the free
stream and the arc core. The transition
from the velocity and temperature field at
the boundary of the arc core to free stream
conditions takes place over this region.
This region is not necessarily thin everywhere as
observed by Roman on the wake formation
of arcs and solid cylinders of comparable
dimensions.

b. The gas in this region is a steady continuum
fluid.

The physical model consists of three distinct and separate regions:
the arc core, the interaction region and the free stream. The free
stream influences the arc core by boundary conditions applied through
the boundary layer. The important point is that we can independently
consider the flow in the arc core and represent the influence of the
surroundings by appropriate boundary conditions. These surroundings
might be a cross flow or a tube wall. Thus the problem of an arc
burning in a tube with a transverse magnetic field is much the same

as the convected balanced arc, except of course, for different boundary

conditions.
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It is misleading to label a convected balanced arc as ''similar' to
a heated solid cylinder in a cross flow. The two are similar only in
the respect that they are impervious to the free stream and hence the
free stream must flow around the arc or cylinder and suffer a momen-.
tum loss, which is reflected as a drag force on the cylinder or arc.
Thus the convected balanced arc and the heated solid cylinder have
similar velocity and temperature fields at the outer edge of their
boundary layers. If the two had similar flow separation points* one
would expect their pressure drag coefficients to be similar.

Velocity and temperature conditions, however, at the arc bound-
ary (inner edge of the boundary layer) and the solid cylinder surface
are very much different, implying that forced convection heat trans-
fer coefficients would also be different. Therefore the application of
forced convection heat transfer ideas (see Appendix B) to convected
balanced arcs would be valid, but the use of heated cylinder experi-
mental results (i. e. Hilpert's curve, Fig. B-1) would not.

The boundary layer is a complicated interaction region. Here the
cold external stream penetrates into the arc periphery as far as it can
against the increasing Lorentz force of the arc fluid elements. This
region will probably be characterized by large velocity and tempera-

ture gradients.

*Roman (Ref. 19) has shown that balanced convected arcs in low
speed flow have flow separation points and wake formations similar
to subcritical heated cylinders.
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3.2 GOVERNING EQUATIONS FOR FLOW INSIDE ARC CORE

Here we consider the general formulation of the governing equa-
tions for the balanced convected arc. Because of the physical model
selected we need only to consider the flow inside the arc core. Then
by appropriate boundary conditions we include the influence of the ex-
ternal flow and complete the statement of the problem. The simultan-
eous set of governing equations can be solved by numerical integration
on a-high speed computer, but the specification of boundary conditions
that realistically represent the actual problem is indeed difficult. The
primary difficulty is the delineation of the boundary layer. The ques-
tion of boundary conditions will be delayed until later in this section.

The equations governing the conducting continuum fluid inside the
arc core are the usual MHD equations (see, for example, Ref. 25,
p. 295). Assuming steady, two-dimensional flow and the flow arrange-
ment of Fig. 14, the formulation of the governing equations is as
follows:

Conservation of Mass:

5%— (pu) + 5837- (pv) = ¢ (3-1)

where e = source strength term (mass drawn per second from the

axial flow to balance the mass transfer to the boundary).
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Conservation of Momentum:

0T 0T
ou ,ou_ _13P 1. 1 1y = XY]
“ax“”’ay‘ pE)x+p]]3y+ppeE+p[ax+ oy (3-2)
0T oT
dv, av_ 19p 1|%7yx “'yy
uax+vay— p'y+p[8*x+ 3y (3-3)
where Tijsstress tensor (see Ref. 25)
Pe =net free charge density = 5~ n e ZS, and
s
ZS = charge number of particle (ZS =-1
for electrons). This term is usually small in a
plasma owing to the tendency for quasineutrality.
Thus the term will be neglected (Ref. 25, p. 115).
Conservation of Energy:
oh oh = . 2
pua—§+pv—a—§-v VP + div (kvT) + oE +<I>+QR+QMT (3-4)
where &= viscous dissipation = Tij (auj/ axi)
QR = energy transfer by radiation, QR(P, T) (3-5)
watts/fvolume)
QMT: energy transfer by mass transfer to the
boundary, QMT (e, T)
Caloric Equation:
T
h = / Cp dT', static enthalpy of fluid element (3-6)
Ty
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Equation of State:

P = ZpRT (3-7)
where Z = compressibility factor, Z(P, T). (3-8)

Heat Flux Potential:

The heat flux potential ¢ is defined as
T
¢ = f kdT' , thus div (kvT)= qub (3-9)
0
Ohms Law:
The general Ohms law, neglecting ion slip, pressure diffusion
and currents due to curvature and gradients of the magnetic field

lines (see Appendix C) can be expressed as:

- g
J:

————[E+VxB-or_ (E+7xB)xB/B)] (3-10a)
1+ (we-re)
where w, = (Be/ me), electron cyclotron frequency
Te = electron-neutral collision time, Ref. 24
wT, = Hall parameter, number of gyrations (in radians)
about the field lines that an electron makes
between collisions
o= (ne e2 Te/me), electrical conductivity (3-11)
The last term in Eq. (3-10a) is the Hall current. It is shown in

Appendix C that for arcs the Hall current is zero. Thus the Ohms

law becomes:
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j

=¢ (E +V x B) (3-10D)

Maxwell ‘s Equations:

We assume that the fields are fairly steady such that ai’a’/ ot and
aﬁ/ ot are very small. Thus we can neglect the displacement current
compared to the conduction current and the induced EMF compared to
the applied electric field. We have already assumed that the self
magnetic field is small compared to the externally applied uniform
field.

Essentially we are assuming that the induced fields are small
compared to the applied fields and hence the fluid dynamic equations
‘are uncoupled from Maxwell's equations.

Physical and Transport Properties:

These properties are estimated from a blend of kinetic theory
and experiment (see,for example, Ref. 34 and 35).
= WP, T) (3-12)

Note: pis sometimes considered constant since its
variation is small compared with ¢ and h.

k =k(P,T) (3-13)
Cp = Cp(P, T) (3-14)
QR = QR(P, T) (3-5)

o=0P,T) (3-11)
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Our unknowns are p, u, v,P, T,T, and €. We observe that we
have a set of six simultaneous equations to solve for the seven un-
knowns. The unknown precluding completeness is the source term e

and its associated mass transfer energy term Q The source term

MT’
€ represents the mass drawn per second from the axial flow to balance
the mass transfer to the boundary. In the general three-dimensional
problem, this ¢ is accounted for by the axial mass flow and the problem
is specified completely. It seems wise at this point to consider the

simpler problem obtained when ¢ and Q are set equal to zero. A

MT
great deal more must be learned about the simpler problem before
realistic assessment of ¢ and QMT can be made. Thus the above
formulation with ¢ and QMT equal to zero, along with appropriate
boundary conditions,is sufficient to specify the problem of the bal-
anced convected arc. From the discussion in Section 2.7, the assump-
tion of QMT = 0 is reasonable.
3. 3 SIMILARITY PARAMETERS

We choose to non-dimensionalize the governing equations by
considering certain reference or characteristic quantities. The
basic reference quantity is the temperature Tl' This reference
temperature must be some temperature that characterizes the prob-
lem, i.e. the peak temperature, mean temperature, effective tem-

perature, etc.
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Since the arc is a gaseous cloud and cannot support large pres-
sure gradients, the internal pressure will not be much different from
the free stream static pressure. Thus the reference pressure can be
s

A characteristic dimension would be the streamwise dimension
of the arc boundary or of a particular isotherm. The latter will be
more meaningful since this dimension can be obtained from photo-~
graphs. Other characteristic dimensions such as a viscous length
or the length used by Han and Kihara (Ref. 36) are appropriate and
depend upon the initial information of the problem.

QOur search for a reference velocity which characterizes the
internal flow of the arc core is aided by the analogy with the natural
convection problem (see Appendix A). We can determine a reference
velocity uy from the effective kinetic energy increase of a fluid ele-
ment due to the work done by the Lorentz force over the distance d.
Once uy is defined in this manner we observe experimentally that
ul/uoo is constant over a wide range of conditions (Ref. 31). The rea-
son for this is discussed in Section 4. 4.

Our reference quantities will be denoted by the subscript 1 and
are determined at the reference temperature and pressure T1 and

Pl' The reference quantities are
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Tl, Pl} dl, kl’ Cpl? u'l’ pl’ 0-1’ hl) ¢1

Jd 1= reference current density = 01E

u, = reference velocity = \/Jle17 Py

Because of the analogy between the buoyancy force in the prob-
lem of natural convection in a horizontal tube and the Lorentz force
in the convected balanced arc problem, it follows that a parameter anal-
ogous toa the Grashoff number will be important in our problem.

We replace the buoyancy force in the Grashoff number (Eq. (A-1)
in Appendix A) by the Lorentz force and obtain a parameter called the

Lorentz number.

3, 2
L, = Lorentz number = (lele1 /p.l )

The Lorentz number indicates the ratio between the Lorentz force
and viscous force on a fluid element.

We can form an interior Reynolds number Re1 = (pluldl/ p,l) and
show that Re, = fﬂ; .

The nondimensional quantities are:

o vV P é

]1_____ s u':____ s P'z___ , ¢,=—~_

J1 Uy 191 4,1
__P ' _X . T h
p'=— , X'=7 , y'=== , T'=- , h'=+—
P 4 d Ty hy
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The non-dimensional governing equations for steady, two dimen-
sional flow (neglecting mass transfer and radiation, assuming u con-

stant and discarding the prime notation) are as follows:

div (pd) = 0 (3-17)
p(@-V) U =-VP+je +—1—V21"1’+—-1-—V(v-'6) (3-18)
X Re1 3Re1
u-Vh =K ﬁ'.VP+—!~—-——V2¢+K '+—I—{—1—<I> (3-19)
P =™ Pr, Re, Ju Re,
where K, = (ulz/hl), Eckert number (3-20)

& = viscous dissipation

T, T,
Pr1=(p.1h1/¢1)= “f deT'/f kdT' ,
0 0

Prandtl number

Re; = pyugdy /iy = VL,
K= JlEdl/ pyushy , the ratio of joule heating to energy

transfer by convection (3-21a)

We can express KJH as follows:

EL /¢
171
= (3-21b)
JH - pr VL

2 2 _ .
where I; = J.d,” = 0, Ed,“, reference current and Py = E11/¢1 is

termed the power gradient parameter and expresses the ratio of joule

heating to energy transfer by conduction.
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Thus the governing similarity parameters for the motion in the
arc core appear to be the Lorentz number (Lc), the Prandfl number
(Prl), the Eckert number (Kl)’ and the power gradient parameter
(PL = E11/¢1). Note that in the power gradient parameter either E
or I is known initially and the other is determined from Ohm's law
using the electrical conductivity 94 evaluated at T, and the reference

1

dimension dl' Thus the power gradient parameter Py is expressed

either as
2
E(c,Ed.“) EI
P 171 1
L=
Ty 21
fde
0
or
12/0 d 2 E,I
P = 11 71
[, = -
¢4 ¢4

3.4 POWER GRADIENT RELATION

It is now useful to examine the governing equations for the case
of large and small Lorentz number.
Case I. Small Lorentz number, \/f; K1

This is the case of vanishingly small free stream velocity or the
free-burning arc. Here there is no fluid dynamic drag force for the

Lorentz force to balance so that B - 0.
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Thus:

B ~0 and VLC=Re1 -0

K, ~0 such that Kl/Rel - 0

The fluid is stagnant in the arc core so that the continuity and
momentum equations cease to govern the motion. The energy equa-

tion (3-19) becomes

El
1 2
ke Ve
1
or dimensionally
2
oE® =V -(kVT) (3-22a)

the Elenbaas-Heller equation. The arc is conduction dominated and
the governing similarity parameter is E11/¢1, with Lc not appearing
in the problem.
Case II:. Large Lorentz number

This is the case of a large B due to a large free stream dynamic

pressure. We assume here that Pr, = O(1) and that K, <o) K w/L—C .
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As Lc becomes large we observe that the heat conduction and
viscous dissipation terms become negligible in the energy equation.
Also, there must be some functional dependence of E11/<1>1 on w/f; ,
otherwise the joule heating term is negligible compared to the con-
vection term. Since joule heating must be a significant term in our
problem we consider for large Lc that

EL /¢, = B(L)"
where B is a constant coefficient and n a real exponent. We examine
the three cases of n < (1/2), n> (1/2), and n = (1/2) in Eq. (3-19).
n <(1/2):

Here joule heating is small compared to convection for large Lc'
For this case the governing equations reduce to an inviscid set identi-
cal with the natural convection problem for large Gr in Appendix A.
n> (1/2):

Here the convection would be negligible compared to the joule
heating term and the energy equation would be balanced only for
j‘ = 0. This is the non-conducting fluid case and is not of interest here.
n = (1/2):

Here the joule heating and convection would be of the same magni-

tude and the non-dimensional energy equation for large Lc would be:

DH_ B,
Dt = Pr’

where H = nondimensional total enthalpy per mass.
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The only realistic value for n is (1/2). Therefore, for large Lc
we must have

EI,
—=p/L_
31

c
This is not consistent, however, with the small Lc case, where

joule heating must also remain in the problem. Thus the

general form of the power gradient relation is expressed by
EIl/qSl = f(LC)

At this point we do not know the functional form for f, however
we do know the behavior of f at limiting values of Lc:
EI, a as Lc K1
—_ (3-23)
1 |sL, as L 1
where a and 8 are constant coefficients determined by the imposed

conditions.

Essentially the governing parameter for Lc > 1is

EL /¢ J. Ed
K 171 1771

JH Pr1 WfI; plulhl

which is the ratio of joule heating to energy transfer by convection.

As L, = owe must have K_. = (8/Pr) =~ B = O(1) since the coefficient

JH
of the energy equation convection term (LHS of equation (3-19))is O(1).

Equation (3-23) is a statement of the fact that
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(a)
(b)

(c)

for Lc << 1, the joule heating is balanced by conduction;

for intermediate Lc’ the joule heating is balanced by conduc-
tion and convection; and

for Lc >> 1, the joule heating is balanced entirely by

convection.

As before, values for o and B8 are not known, nor the magnitude

of Lc when Lc is "large. " it appears that Eq. (3-23) indicates the

transition from a free-burning arc to a highly convected arc.

3.5 SIMPLIFIED MODEL

Here we consider the general steady two-dimensional equations

with the following simplifications:

(1)
@)

(3)

Incompressible

Electrical conductivity o can be approximated by ¢ = C(T - Ts),
where C = constant coefficient and TS is the temperature

where o(P, T) = 0. For air this is approximately 5000°K

and the linear approximation is fairly good up to about 15000°K.
The Mach number of the interior flow is small such that

M2 < 1. Another way of saying this is that the kinetic

energy of a fluid element is small compared to its internal
energy, i.e.:

T T
f Cp dT' + —;— u2 ~ f Cp dT' = h = static enthalpy/mass
o

T T
o
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(4) The temperature of the arc is low enough so that energy

transfer by radiation can be neglected.
(5) Cp, i, and k (or at least g and Cp/k) are constant such that

Pr = constant.
Now we let

AT=T -T
o S
O = (TO - T)/AT

T(r, 9) = 'I‘0 - AT O (r,9)

where the subscripts o and s denote conditions at the origin and
boundary respectively. Thus
o =C(T - TS) = CAT(1 - ©)

T=cAaT(1 -©) E

The characteristic quantities are:

T, =T reference temperature is
1 -
temperature at the origin
2
Py =r
J1 = O'lE = CATE

uy = VI;Bd, /pg
d1 = er
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The non-dimensional quantities are:
| B 1 = ) 3 - 3
T "T/Tl E) u"u/ul 9 P —P/Pl ’ ]"]/Jl

r'=r/d1 , P’=P/P1 , etc.

The non-dimensional equations are (discarding the prime

notation):
divu=0
@ V)a=-VP-(1-6o +——v2q
X JLC
- (@-V8) =K, (u-VP) - ———v2e
1 Prq VL,
K,
+K.__(1-0)+—2&
JH ‘/Lc
where

2
L.= (p1J1Bd13)/ Hy

K = EJldl/pl Cpl T, =(1311/1l<1'r1)/13r1 \/I_.._;

2
11 = Jldl

lez K1

. 2
K=y /Cp T,

1
Pry =y cpl/k1 = 0(1)

Re dl/;,t1 = w/i.:

17 P
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As a consequence of Eq. (3-24a) we can introduce the non-

dimensional stream function ¥/ (r, 8) as

(3-25)

|
|

F =
Wl
SR SH
Sy

|
=

where r is the non-dimensional radius vector with respect to dl'
We can rewrite the momentum equation, by taking the curl of

Eq. (3-24b) as:

1fov o _ava)g2,__ [y §_€:>cos929> 1 g4
r(ar 20 ~ 20 ar>V ‘/“"(S‘near+ r W) e ¥ (3-26)
C

Now we consider the case for large Lc. Using the form of the
power gradient relation developed in the last section, our non-dimen-

sional equations governing the flow for our simplified model are:

1fov 90 ¥ o\y2,,_ ., 99 cos#d g@)
r(ar 20 90 8r> Viow=- (Sm@ a1 0 (3-27)
alp_@.@ 8_4/@9__ ____[_3_(1 -0) (3-28)

9r 00 o9 ar  Pr

We observe that the convected balanced arc is convection domi-
nated for large Lc whereas the small Lc case was conduction domi-~
nated. These equations are very similar to the equations governing
the natural convection of heat in a horizontal tube for large Gr (the

difference in the sine and cosine terms in the body force term of
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Eq. 3-27and (A-10) is due to the angle 8 being referenced differently
in the two problems). The difference between the two problems is

the joule heating term in the case of the convected balanced arc where-
by a fluid element is continually heated.

For large Lc our problem is of the boundary layer type since the
terms of highest order in the momentum and energy equations are
negligible in the interior region of the arc core where the gradients
are small. If we reduce the order of our set of differential equations
we must give up some boundary conditions. These lost boundary condi-
tions are the conditions at r = 1 and thus our Eq. (3-27) and (3-28)
are valid only in the interior of the arc. It is clear that the boundary
layer (region at r = 1 where the gradients are large) must become
thinner as LC gets large since the gradients must steepen.

We point out that the boundary layer of interest here is not the
inferaction region outside the arc core mentioned in Section 3.1, but
rather the boundary layer interior to the arc boundary and influenced
solely by the interior Reynold s number Rel. We will discuss later,
however, the connection between Re1 and the free stream Reynold's
number Reoo.

Physically, the Lorentz force on a fluid element inside the arc
core is balanced by the inertial force and the joule heating is balanced

by the convection. Since heat conduction is negligible in the core
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(for large Lc) a fluid element which is continually heated by the joule
heating is convected along a closed streamline and there is no mech-
anism for the heat to be transferred across to another streamline.
Hence a fluid eiement on an interior streamline, i.e. ¥ =2 in Fig. 15,
has no way of transferring its heat to the core boundary. This is
inconsistent and the streamline pattern of Fig. 15 must not be appro-
priate.

If we hold to the requirement of closed streamlines (i.e. div U= 0)
we can remove this inconsistency by considering the more realistic
streamline pattern shown in Fig. 16. Here the streamlines crowd
together near the boundary layer in the forward portion of the arc.

As the streamlines crowd together, the temperature and velocity
gradients can become large enough such that heat conduction and
viscous dissipation are again significant and heat is transferred to the
boundary and out of the arc. Since all closed streamlines of the arc
core will pass through these regions of large gradients, an equilib-
rium can be established whereby the heat input (joule heating) to the
interior is convected and then conducted to the arc boundary. The
streamline pattern of Fig. 16 indicates a shift in the peak tempera-
ture region from the arc origin or centerline to the forward portions
of the arc. This temperature shift was observed in numerical com-
putations by Fischer and Uhlenbusch (Ref. 39) and Harvey (Ref. 31)

and will be discussed in Section V.
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Another way of removing the heat from the arc core without the
mechanism of heat conduction in the interior is to assume that there
is mass transfer at the arc boundary. Here we would consider an
axial flow or source flow (div U= €) to balance the mass lost at the
boundary. In this case there would not be a stream function Y and
the streamlines would not be closed, but rather would appear as in
Fig. 17.

Physically, the most satisfying flow pattern would be a combina-
tion of Fig. 16 and 17, where there would be mass transfer at the
boundary and the fluid element path lines would crowd together in the
forward portion of the arc. The argument for this is that experi-
mentally an axial flow is observed and the external flow appears to
be stripping off the outer portions of the arc boundary. Also, the-
oretically and experimentally we observe this shifting of the peak
temperature region from the arc centerline to the forward portion
of the arc.

3.6 BOUNDARY CONDITIONS

Wall Stabilized (B = 0)

For the steady electric arc burning in a vertical tube without an
externally applied magnetic field, the governing equation is the

Elenbaas-Heller equation

GEZ = - V- (kVT) + Q (3-22b)
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If the temperature at the boundary is uniform, the solution T(r)
is axially symmetric. It is also necessary for the tube to be vertical
for the solution to be symmetric. A horizonfal tube would result in
a non-~-symmetric distribution due to the natural convection currents
that would be generated by the buoyancy forces.

The solution to Eq. (3-22b)is made unique with the two boundary
conditions:

T(@) =T at r=R
w

(3-29)
dT/dr=0 at 1r=0

This condition at r = 0 comes from the symmetry of the problem
and is equivalent to the requirement that the temperature be finite at
r = 0. If the temperature at r = 0 is specified (or equivalently the
total current is specified) then the electric field E is determined.
However, since I is not a single valued function of E, due to the fall-
ing and rising branch of the characteristic curve (see Fig. 25), the
specifying of E leaves the problem indeterminate (Ref. 9).

Free-Burning (B = 0)

We assume first of all that convection is small in the interior of
the free-burning arc (Ref. 56, 61, 62, and 63) and we solve for the
temperature distribution out to the boundary r, where convection

(driven by the buoyancy forces) will be the primary mechanism for
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removing heat from the arc. The governing equation in the interior

is the Elenbaas-Heller equation:

2 19 oT
oE™ = QR " Far (rk 5;—) (3-22b)

The temperature distribution is still symmetric about the column
axis, thus one boundary condition is dT/dr = 0 at r = 0. Since the
interior of the free-burning arc is very much influenced by the exter-
nal surroundings, a boundary condition at r = ry, must be specified.
Information about the capability of the surroundings to transfer heat
across the arc boundary must be brought into the problem.

Integrating Eq. (3-22b) over r from 0 to ry (the radius where

some boundary temperature Tb exists) gives

r

b
2 f _ dT
27E or dr = UR - 27 ry k<dr) (3-30a)
0 "y

where UR = total energy transfer by radiation/unit length.

The conduction across the boundary can be expressed as
dT
~ 27 rbk(dr)r—r = 2ﬂrb hNC (Tb - Tog
b

where hNC = natural convection heat transfer coefficient. We define

(from Appendix B):
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Nu = Nusselt number for natural convection

NC
hNC rb/kf = f(Gr Pr)
where kf = thermal conductivity evaluated at Tf

T, = (Tb + Tcx;/ 2, film temperature

Tb = boundary temperature at r = ry

Because of the oscillatory behavior of thermal conductivity and

T
b
specific heat, it is better to express ky(T, - T ) as ¢, = f kdT
Ty T
o0}

and Prandtl number as Pr = T/ Cp dT/¢b.
g
The energy balance at the boundary, Eq. (3-30a), is rewritten

as (using Ohm's law):

ElI=U_ + 27 Nu

R Ne ®p (3-30b)

The values of NuNC would be derived from the experimental data .

of free-burning arcs in the manner carried out in Appendix D.
The problem would be solved by having available experimental

information about Nu,. .. The values for E, P , T , and T, would
NC o T b

be specified initially. Then we would pick a value for r, and solve

for T(r) using Eq. (3-22b) with the boundary and auxiliary conditions:
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Krinberg (Ref. 56) solves the free-burning arc problem using a
scheme very similar to the one mentioned above. He uses the NuNC
for vertical solid cylinders (Fig. B-2) which, as will be shown in
Appendix D, underestimates the convection heat transfer from free-

burning arcs.

Wall Stabilized (B # 0)

Let us consider the wall stabilized arc with a transverse mag-
netic field. The appropriate set of equations are equations (3-17),
(3-18), and (3-19). The boundary of the arc coincides with the tube
wall and is specified (and is usually taken as circular). The bound-

ary conditions specified at the boundary r = RW are:

p(r, 6) = pW
ur(r, 9) = radial velocity = 0
atr = RW (3-31)
u, (r, 9) = tangential velocity = 0
T(r, 8) = Tw

Also u, and u, are finite everywhere.

6

Since the temperature distribution is not radially symmetric due
to the convection currents generated by the Lorentz force, we cannot
use dT/dr = 0 at r = 0. Thus we require temperatures to be finite in
the region and our condifions are complete.

The incompressible form of this problem was considered by

Harvey (Ref. 31) and Fischer and Uhlenbusch (Ref. 39).
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It is interesting to point out that the steady arc burning in a
horizontal tube without a magnetic field would be a similar problem
with identical boundary conditions as above. The governing equations
would have the Lorentz force replaced by the buoyancy force and the
Lorentz number would be replaced by the Grashoff number.

Balanced Convected Arc (B # 0)

Finally we consider the boundary conditions for the case which
is the subject of this investigation, i.e. the balanced convected arc.
The boundary is not known a priori and from experiment (Fig. 8) we
observe that the boundary is non-circular (assumed to be elliptical).
Thus there must be sufficient boundary conditions prescribed to
determine not only the size but the shape as well. The temperature
and velocity fields are not symmetric about the z axis but are sym-
metric about the xz plane (Fig. 14).

Since the arc is balanced the Lorentz force must balance the
fluid dynamic drag force. The external fluid flows around the arc
core which is simulating a solid body of some shape. The fluid under-
goes a momentum loss as evidenced by the drag on the arc. Thus,
for a given set of conditions, this drag force can be represented as a
pressure distribution about the arc boundary. The integrated Lorentz

force must balance this integrated pressure distribution, i.e.
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BI=C force/unit length (3-32)

D %ol
where CD is the effective drag coefficient of the arc based upon the

transverse dimension.

Let AP=P_,-P

F B’ difference in pressure between front and back

along an arc slice in the x direction (see Fig. 18). Then
dF0 = incremental force due to pressure in x direction
= AP(y) ds cos 9' = AP(y) dy»
where the arrangement is shown in Fig. 18.

Then

dr/2 dr/a

T
AP
CD qoodT =2 f AP dy = Zqoo f (q—)dy
0

5 0
and (AP/ qog is the differential pressure coefficient.

Our force balance can be expressed as

drja +h dr/2
. AP
2B f [ jx,y) dx dy = 2q f (T)dy
0 -d /2 0 ®
S
Ay /o d_/2
. AP
B i(x,y) ax -qw(g-) dy = 0
0 - dS/Z @

or

62



d /2

S
B f j(x,y) dx = qw(%g\) (3-39)
-d /2 ®

Equation (3-33) is the force balance requirenient that must be
satisfied at every y station in the arc core. The (AP/ qog is a func-
tion of y, the shape of the arc boundary, and, very important, the
assumed flow separation pattern. Equation (3-33) is the relation
between the required value of the magnetic field B and the specified
free stream conditions.

The energy balance is a statement of the fact that all the energy
put into the arc cross-section (per second per unit length) by joule
heating must be equal to the energy transported out of the arc care
by radiation and forced convection at the boundary. The energy

balance equation is the same as for the free-burning arc (Eq. (3-30).

ds/2 dT/Z
EZ olx,y) dx dy
- dS/Z - dT/Z
dS/Z dT/Z
= [ [ QR x,y)dxdy + 7 NuFC qu (3-34)
-d /2 - do./2
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where NuFC = Nusselt number for forced convection,
f(Ref), see Appendix B
deff = effective diameter, diameter of circular
cylinder having the same surface area as
the elliptical cylinder
z@T F ds)/2 for shapes having dT/ ds <2 (3-35)

Re, = p uoon d_ge / Hg » fluid Reynold s number (3-36)

and Py and K are density and viscosity evaluated at the film tempera-
ture T, = (Tb + T03/2.

As mentioned earlier in this section, the Nu for the convected

FC
balanced arc should be different than for heated solid cylinders in a
cross flow.

The boundary conditions on the momentum equation would be that
the normal velocity vanish (no mass transfer across the boundary) at
the boundary and the tangential velocity u o is some fraction of the free

stream velocity at the outer edge of the interaction region. Here we

are assuming that u, will have a distribution influenced by the velocity

0
in the free stream.
By the nature of the problem and associated boundary conditions

(boundary not known initially) the method of solution would most likely

be an iterative scheme. An initial boundary shape and size would be
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guessed and the temperature and velocity fields determined.
Equations (3-33) and (3-34) would then be used to check the initial
boundary estimate for force and energy balance. The information
from this check would be used to make subsequent estimates of the
boundary location. With this scheme the temperature on the esti-
mated boundary would probably be speciﬁed instead of the peak

temperature T
m
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IV. DISCUSSION OF EXPERIMENTAL RESULTS AND
COMPARISON WITH THEORY

4.1 INTRODUCTION
The experimental results from the present investigation
(Chapter II) and from Roman's work (Ref. 19) were used to test
and extend the theory of Chapter III. It will be shown that the gene-
ral behavior of the convected balanced arc is to follow the relation
EI~ Lc at low LC and to tend toward the relation EI ~ wf_i._; for
large Lc. Criteria for determining whether an Lc value is low or
large is discussed. The variables which are controllable during an
experiment and thus chosen as the independent variables are I,
U, Py, and Te. The functional forms for the dependent variables
E, deff and B in terms of the independent variables are deter-
mined for the low and large Lc regions.
4,2 OHM'S LAW FOR CONSTANT CHARACTERISTIC TEMPERATURE
For a constant free stream pressure Py and temperature Ty the
arceffective temperature TU is fairly constant with changing

current (Ref. 41) and Uep,, - This behavior of T(7 is shown in Fig.
11 for the present investigation (see also Section 2. 6). Also,

assuming Roman's arc to be an argon arc burning in a 1 atm cross
flow of air (Ref. 19, Appendix E) effective temperatures based on
the luminous dimensions shown in Fig. 13a (and using Ref. 76 and

77) are about 13, 500°K and fairly constant over the current and
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velocity range considered. This constant T(r gives us a constant
mean electrical conductivity, i.e.

D/2

o= —3 or dr = constant for constant Py and T
7D 6

Thus Ohm's Law becomes

2
(DY _ ~ _ 2
I—(——-——4 )oE—CzD E (4-1)

where D =d_g, (Eq. 3-35) and C, = 75/4 for constant P and T,.

2
The experimental measurements of this investigation for a con-
stant My, are in agreement with the above assumption. The effective
temperatures (Fig. 11) are fairly constant for currents greater than
250 amperes, so that ¢ is constant. Also, as observed from Fig. 9,

E is fairly constant for I > 250 amps. Thus, for this current range,

Eq. (4-1) becomes for a given Py, and T,

D=l - constant V1 (4-2)
C,E

The observed arc dimensions for constant M, shown in Fig. 8
agree extremely well with Eq. (4-2).

Roman (Ref. 19) reports that his dimensions shown in Fig. 13a
are linear with current. This is not the case because his dimensions
(for a constant u,,) plotted versus VI lieona straight line through the

origin as shown on Fig. 13c.
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4.3 APPLICATION OF HEAT TRANSFER TO ARC COLUMN IN
FORCED CONVECTION

As mentioned earlier we might expect the forced convection heat
transfer approach of Appendix B to apply to balance convected arcs.
The functional form of NuF c™ f(Re) would be determined from ex-
perimental information on balanced convected arcs.

Consider initially that energy transfer by radiation and mass
transfer from the uniform column is negligible such that the forced

convection heat transfer must equal the power gradient input of the

arc. Thus using Eq. (3-34)

El=1n NuFC qbb (4-3)
we shall assume that (from Eq. (B-3))
n
NuFC = f(Ref) = const (Ref) (4-4)
where the fluid Reynolds number is
Ps u00 D
— n -
Rey = — — (3-36)
f
and D= deff (3-35)

Hopefully the value for the exponent n can be determined from
experimental results.
The effective temperature Tor will be used for the characteristic

or reference temperature T is constant for constant

1 Thus, the T1

P and T .
) o0
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Let us again consider that P, and T, are constant and that Ohm's
Law is given by Eq. (4-1). We assume that over the modest current
range of 200 to 600 amperes the arc boundary temperature Tb is fairly

constant such that qsb s pf and Up are constant. We can express the

energy balance Eq. (4-3) as

n

EI = const u£n D (4-5)
If we eliminate D between Eq. (4-1) and (4-5) we get
E = const! ugﬁ/(n"‘ 2) I(n" 2)/(n+2) (4-6)

We want to use the experimental information that dE/dI = 0 over

a portion of the characteristic curve. Thus

dE _oE E %%y ar %Py

dl T3l T au,, Tdl TP, dl

For Roman's data duwn/dl and dP/dI are zero, thus dE/dI =0
implies 9E/3Y = 0. For the present investigation, dE/dI = 0 for a
constant M, (Fig. 9) and dP/dI = 0 but duwn /dl > 0 as observed
on Fig. Th, Although u, is independent of I, Ueo,, is not since the
arc slant is dependent upon I and this dependence is not known at pre-
sent. Thus 0E/0I < 0 and is not known. We will put aside the present
data for the moment and proceed using Roman's data.

Taking the derivative of Eq. (4-6) with respect to I gives
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2n/(2+n) I -4/(n+2)

) const' u (4-7)
o0

4E_9E (n-2
i “\n+ 2

n

For that portion of the characteristic curve (Fig. 13b) where aE/31 = 0,

Eq. (4-7) indicates that we must have n = 2, Therefore

2
Nup = C; (Rey) (4-8)

where C3 would be an experimental constant, and

2 T
Py uwnD b
EI=Cgnm \—— f kdT (4-9)
H
o0
or
2.2
EI=C, u°°n D (4-10)

2 2
where C4 =p; T ¢>b C3/,uf = constant for constant Py, T, and Tb'

Roman's data displays a flat characteristic for flow velocities
less than 51 fps. K radiation was negligible compared to forced
convection, or if radiation were approximately a constant fraction of
the input power gradient, then we would expect Roman's data to agree
with Eq. (4-9). The measured power input gradients from his experi-
ment are plotted against the square of the fluid Reynolds number on

Fig. 19 and the agreement with Eq. (4-9) is excellent.
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Roman estimated his arc boundary temperature to be 6000°K
+ 1000°K. A value of T, = 6000°K was chosen for his data on Fig. 19.
The choice of Tb does not alter the significant behavior of Fig. 19
which is that EI (for dE/81 = 0 and constant P, and T,) is propor-
tional to Refz. As mentioned earlier, the data from the present inves-
tigation should not agree with Eq. (4-9) since 9E/3I # 0.

The result that NuFC = const Ref2 for the convected balanced arc

is very interesting when compared with the heated solid cylinder data

of Appendix B. For the heated solid cylinder Nu = const Re" where

FC
n is 0. 6 to 0. 8 for a comparable free stream Reynold s number range.
The mere fact that the convected balanced arc has a boundary tempera-
ture 6 to 8 times as large as the maximum surface temperature 'con—
sidered in the solid cylinder tests does not explain this significant

difference in the value of the exponent for Re,. Rather, the forced

£
convection heat fransfer processes for the convected balanced arc
are very much different than those for the heated solid cylinder,
This same observation was reported by Lord and Broadbent (Ref. 50)
when they tried to correlate Adams' (Ref. 54) experimental data with
the Hilpert curve (Fig. B-1).

Equation (4-9) is not valid as Ugp = 0 since the dominant heat transfer
mechanism becomes natural convection and natural convection was

considered negligible in the development of Eq. (4-9) (i. e. the highly

convected case). We can generalize the expression for EI as follows:
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2 p2 (4-11)

EI=E I+C,u
o 4 oon

for constant By, , T, T, and dE/31=0. E is the free-burning
value of the electric field and is only a function of Py, and the gas
(see Appendix D). Roman's data (for I = constant) on Fig, 19 shows
that the transition from natural convection dominated (i. e. u o= 0
or free-burning ) to forced convection dominated flow is nearll;f linear.
Hence Eq. (4-11) is a realistic generalization for the power input gra-
dient.

If we consider P, , T, and T, constant and 9E/21 = 0 the form

forE=E (uwn) can be determined. Eliminating D between Eq. (4-1)

and (4-10) gives

E2=E E+CLu
o 5w
n
where C.=C,/C =p24q> C,/T 2
5= 4/ vaT P 20 Vg0 K
Finally =
Eo Eo 2
E ='—2—+ T+ C,5 1100 (4-12)

n

The expression for D, Eq. (4-2), can be generalized to show the

influence of changing Uco, ie
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VI
D= - 73 (4-13)
E E

0 fe) 2
VCy |5 N1+ C5Yy

Equation (4-13) indicates that as the convection velocity increases
for constant I and P o > the dimensions of the convected arc must de-
crease to maintain the energy balance. In this regard, Roman's
data shown in Fig, 13a displays a curious behavior. His transverse
dimension dT increases with increasing ue for Py, = 1 atm and con-
stant current. However his streamwise dimension d_ decreases

S

faster with increasing Ueo, so that the effective dimension deff
(Eq. (3-35)) does behave according to Eq. (4-13).
4,4 NORMAL FORCE COEFFICIENTS

From the earlier descussion in Section 3. 1 we suspect that the
normal force coefficient for the balanced convected arc will be simi-
lar to the pressure drag coefficient of a solid cylinder. We would not
expect the values of the coefficient to be the same for the arc and
solid cylinder because for one reason we have not established what
is an equivalent dimension for the two cases. However we would

expect similar behavior, i. e. fairly constant value of CD for com-

parable Reoon intervals.
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We express the balance between the cross-sectional Lorentz
force (force per unit length) and the two-dimensional fluid dynamic

drag force as

(3-32)

BI = CD qoon dT

where CD = pressure drag coefficient or normal force coefficient

referenced to the fransverse dimension dT.

The measured values of the magnetic field B for this investiga-
tion are fairly constant with Mach number (Table I). However Yo,
increases with increasing I as indicated in Fig. Tb so that the value
of CD is fairly constant. The value of CD is about 1. 75 for all three
Mach numbers and is shown in Fig., 21 with values determined by Roman.
The CD’s,for circular and elliptical cylinders are also shown on Fig. 21

for comparison.

If we assume that CD is constant we have the relation

~

B .D
q, I
n

Using Eq. (4-13) and considering the two cases of small oo,

(E0 ~ R) and large Uoo (E0 < E) we obtain

% ~1 for small u (4-14)
u VI “a
0

n
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and

B _1 |
373 71 for large u, (4-15a)
u n
[v 0]
n
or
.3 .
u_ ~1 367 (4-15b)
n

Roman's data displays the B/ ooy, ™ 1/v I'behavior except for the
data at I = 400 amperes as shown on Fig. 12. There is a suspicion
that Roman's data might be affected by wall interference due to the
close proximity of the magnets. Roman did report that the wake form-
ation behind solid cylinders was different when the magnets were in
place than when they were withdrawn. This wall interference could
explain the behavior of Roman's data on Fig. 12 and Fig. 21, the
effect of wall interference being to lower the fluid dynamic drag force
(hence a lower required value of B).

If Roman's drag coefficients are referenced to de instead of dT’

ff
the values of CD increase in magnitude and are more nearly constant
with increasing Re 0> also the curves for 200 and 300 amps overlap
each other. The 400 ampere curve is still below the other two as
before.

The fact that the CD values reported by Roman and the present
investigation are different is not important here because the C

DlS
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so dependent upon the reference dimension used and different investi-
gators measure this dimension in different ways. The comparison
of arc dimensions between different experiments. is not appropriate
at the present time since the temperatures corresponding to the
dimensions have not been firmly established. What is important and
what Fig. 21 does show is that for a given experiment with measured
dimensions consistent with the other measured data, the CD will be
fairly constant over the range of Rewn,considered.

The relation B ~ \/_L;';ﬁ_/—l of Eq. (4-15a) for large LT is interes-
ting in that other investigators have reported (Ref. 20) a similar
relation for travelling arcs between parallel rail electrodes. As
the velocity of the travelling arc increases the effects of the root
constraints on the arc motion lessen significantly (Ref. 20, page 40).
Thus one might conjecture that as the velocity and length of the travel-
ling arc increase, the arc motion would be limited primarily by the
fluid dynamic drag on the column. In that event the column behavior
of the travelling arc would be comparable to the column of the con-
vected balanced arc. Roman reported in Ref. 74 that for travelling
arc velocities of about 450 fps and electrode spacings of about one
inch, the relation between uy, B and I could be empirically expressed as

u_ = const IO' 33 BO. 61

This relation is nearly identical with Eq. (4-15).
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4.5 RELATIONS BETWEEN INTERIOR AND EXTERIOR CHARACTER-
ISTIC PARAMETERS

The interior characteristic velocity u, is defined as

1
J1 B 4BI
ul = p = P, T d (4-16)
1 17T
Using the force balance equation
1 2
BI = CD fpoouoon dT (3-32)

we can relate the interior characteristic velocity Uy to the exterior

characteristic velocity Yoo as
Py ,
u ="é—2]%——= ul‘/ 1 (4-17a)
n D P %1 p 2C

o D

or

u p 2C_
f—-:\/-f D (4-17)
o 1

Harvey (Ref. 31) reported that u1/uoon was constant over a wide
range of test conditions. This is a consequence of the fact that CD
and T1 are fairly constant over a wide range.

In wall stabilized arcs with a transverse magnetic field, Lc isan

independent parameter with B being specified with the initial data. In
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balanced convected arcs the free stream velocity Yoo must be specified
initially. Then because of the force balance equation and the constancy
of CD the value of B is determined. Hence Lc is a function of the free

stream Reynolds number. This relation between the external and

internal similarity parameters is:

1/2

_ Py ! T
v”]‘“7:(5;) (zzz;)\’fc; (18

and if T1 is constant over a range of currents, then
Reoo = const w/Lc (4-19)
n

for constant P and T .
0 0

Also
TR
Re, = VLC(——I—) f o (4-20)
e Vpl o D

4.5 POWER GRADIENT RELATION

Primarily as a result of the 9E/9I = 0 for convected

balanced arcs the energy balance can be expressed as
EI=E I+ const Re2 (4-21)
o f

By using the force balance requirement this can be rewritten as

EI = EgI+ const' L, (4-22)
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From our discussion in Section 3. 4, for large Lc we concluded

that

El=8+ Lc for Lc > 1 (3-23)

The behavior of the convected balanced arc as it changes from
being governed by Eq. (4-22) to Eq. (3-23) is very significant. Also,
the question of "when is Lc large?" must be considered.

By the same procedure which led to Eq. (4-8), we can determine
the slope of the characteristic curve in order to. have n=1 (i. e.

EI~VL ). We find that we must have E ~ 171/3 tor the characteristic
curve. Thus at large Lc where Eq. (3-23) is valid the characteristic

is not flat (for constant Uo,) and P), but rather has the form

E = const /8 (4-23)

We observe from Roman's data, Fig. 13b, that for I = 200 amps
as u,, increases (i. e. L. increases) the value of E increases (as we
expect) and the slope of the characteristic changes from zero to a
negative value. The experimental data are not complete enough to
determine whether the characteristic curves are tending towards Eq.
(4-23).

Kookekov (Ref. 67) investigated the motion of an electric arc in a

cross-flow under the influence of an external, transverse magnetic
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field. He made a semi-empirical analysis based on the conservation
of energy, Ohm's law and the minimum principle and reports the rela-
tion

-1/3

E =const'1

for a constant velocity cross-flow. Kookekov does not give a descrip-
tion of the experimental set-up, measurement techniques or range
of parameters investigated. His characteristic relation is very interest-
ing and agrees with the results of this investigation for large Lc.

From this discussion we might conclude that for a "low" Lc
and I > 100 amps the characteristic curve for constant u o) is
flat and the power input gradient of the balanced convected arc behaves
according to Eq. (4-22). For "large" Lc the characteristic curve has
a negative slope (i.e. 9 log E/8 log I = - 1/3), and the power input

gradient behaves according to Eq. (3-23). Thus we have

o for L =0
c
Bl a+ f'L for low L (4-24)
¢1 Cc C
a+ ﬁ"—c for large Lc

We can examine the question of ""when is Lc large? " by studying
the behavior of the coefficients of the terms in the ehergy equation as
LC becomes large. Consider the non-dimensional energy equation of

Section 3. 3:
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pa-Vh=K1ﬁ’-VP+——1—- v2¢+KJHj+-——§> (3-19)
Pr1 v Lc v L

where again the joule heating parameter is K o= (E11/¢1)/ Pr, vV Lc'
We observe that the coefficient of the convection term (LHS of 3-19)

is O(1). Hence the parameter K_ . is always greater than or equal

JH
to a quantity of O (1) and for the case of Lc ~0 we have K .. — .
As K_.. decreases to O(1), the pressure work, heat conduction

JH

and viscous dissipation terms decrease to O(€) where € < 1. Once

K TH = O (1) it remains constant at this value and we have E11/<¢>1 = B Lc

and KJH = B/Prl. Thus Lc is "large" when K_. = O(1). For

JH
V ~ 3 1" i3]
Kog™> O (1) we have shown that EIl/qb1 L., and L, is low*',

We can express the joule heating parameter as

El/¢ 3/2
1 . cons’clﬂ————ﬂ (4-25)

K =———
JH Prlw/Lc Ueo

n

where we have assumed constant Py, T, and CD and used the rela-

tions D~ VI/E and BI ~ pwuooZD.
n

When Lc is large, K__ = constant. Thus using Eq. (4-25) we

JH

obtain the relation

(4-26)
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Using Ohm's law and Eq. (4-26) we obtain the relation for the

effective dimension D

/®

D~y (4-27)
u

o]
n

Finally, the expressioh for B (assuming constant CD) is

B~ (4-28a)
i3

or

u_ = const1” 2 g0- 6 (4-28b)

n

which is also similar to the empirical travelling arc relation discussed
in Section 4. 4.

For constant B, the relation between Uo and I is
lowL butE < E
c 0

0 | >

and
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The U~ Versus I data for the present investigation shown in Fig. T
best fits the relation uwi ~ I as shown on Fig. 12 which is an inter-
mediate relation to the low and large Lc relations above.

The behavior of K JH is shown in Fig. 23 for Roman's data. As

Lc increases we observe K 1H decreasing to-a constant value of O (1).

The interesting point here is that Lc does not have to approach infinity

in order that K JH become constant. In Fig. 23, K JH

appears to be near a constant O (1) value at Lc = 5600. The O{1) value

for I = 200 amps

for K JH is about 4. 5 for the 200 amp curve and this first occurs at
a u of about 40 fps. We see from Fig. 13D that at uy = 40 fps the
characterist_ic curve at I = 200 amps in changing from a zero slope
to ‘a slightly negative slope.

The behavior of K JH for the data of the present investigation is

shown in Fig. 24. The K__ is at a constant value for increasing Lc

JH
at all three Mach numbers. Also, the characteristic curve for con-
stant u_ (i.e. 9E/?I) is negative as was pointed out in Section 4. 3.
Thus the UM data is at least in an intermediate Lc range (between
low Lc and large-Lc)_ and possibly the large Lc'

We are interested here in the effect of the forced convection on
the convected balanced arc. That is to say, the influence of Lc or

Re, on the contribution of the forced convection to the total power

fn
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input gradient. Thus we should examine (E - EO)I as it changes with
Lc' When Lc>> 1 the free-burning contribution to the total power
input gradient is negligible compared to the contribution from forced
convection, i e. EO<< E.

Using Fig. D-3 we determine Eo to be 3.0, 2.5, 2.0 volts/inch
for the Mach numbers 2.5, 3.0 and 3. 5 respectively. The parameter
(E - EO)I/ Pry ¢y versus L is plotted on Fig. 20 for the data from
Roman and the present investigation. The reference Prandtl number
Prl is constant for a given gas and constant Py. The Pr1 is neces-
sary in Fig, 20 to collapse the data since different pressures and gases
are involved. Fig. 20 indicates that the data collapses (with some
scatter) to a single curve which has a slope of 1.0 at low LC and
tends toward a slope of 0. 5 at large Lc in accordance with Eq. (4-24).

Figure 20 indicates the general behavior of a convected balanced
arc as the Lc or Refn is increased. The slope of the curve m at any
Lc gives us the input power relation EI ~ LG ~ Re?n where n = 2m.

I Py, Ty, and C are assumed constant the value for n can be used

D
in Eq. (4-6) to determine the E = E(I, Uoon) relation. The relations
for D and B follow using Eq. (4-1) and (3-23) as was done in Section

4, 3. Thus the general macroscopic features of the convected balanced

arc are determined for any Lc’
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If we start with a free-burning arc having a flat characteristic
(i. e. I> 100 amps) and begin blowing on it holding I and P, constant,
the 9E/91 will remain zero and the input power gradient will behave

as ElI = EOI + const Lc. This behavior will prevail until K_ . approaches

JH
a constant O (1) value, At this point a further increase in Uoopy will
result in dE/91I becoming negative and a change from EI ~ Lc to
EI~VL_.
4, 6 GENERAL BEHAVIOR OF THE CONVECTED BALANCED ARC
From the development of the theory thus far and the observations
of experimental data we can now discuss the general behavior of a
convected balanced arc.

Let us assume that P,,, T,, and I are held constant while oo,

oD
increases. The value of the applied external magnetic field B increases,
keeping the Lorentz force equal to the drag force, otherwise the arc

would be blown downstream. As u

cop increases there is initially

an energyimbalance as the forced convection heat transfer at the boun-
dary will be greater than the power input. The arc begins to adjust
itself to again have an energy balance. The size of the arc (as repre-
sented by deff) decreases which decreases the forced convection heat
transfer. At the same time the value of E increases until there is a
balance between the power input EI and the forced convection at the
boundary. Arc radiation would play a minor role in the adjustment

process.
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The effective temperature Ta would remain fairly constant. This
was observed in Roman's experiment as the u, was increased from
20 ft/sec to about 50 ft/sec for constant current,

This same general behavior has been observed for free-burning
arcs where the natural convection heat transfer has been augmented
by forced mass influx into the column. Nikolay Khvostov considered
the arc heater design shown in Fig. 27 and determined the tempera-.
ture distributions theoretically and E-I characteristics experimentally
for different values of mass influx ¢. His results, indicated in Fig. 27.
show that as I is held constant and q increased the arc adjusts to the

new conditions by increasing E and decreasing r Similar observa-

b
tions can be made using the data of Weber (Ref, 65) and Baum and
Cann (Ref. 66).

Noeske (Ref. 68) analytically considered the problem of an arc
in a low speed cross-flow and no magnetic field. His model was a
flow~-through arc in an incompressible and inviscid flow. Noeske
reporfs that the voltage gradient increases with increasing cross-flow

and the diameter decreases with decreasing current and increasing

cross-flow,
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. V. TEMPERATURE DISTRIBUTION

5.1 INTRODUCTION

The purpose of the work described in this section was to study
the temperature distribution of the convected balanced arc. The govern-
ing equations were solved numerically on an IBM 7090 computer and
the theoretical temperature distribution was determined. The equations
were examined in their unsteady form and solved as initial value problems
by iterating to a steady solution. Both one- and two-dimensional models
were studied. The one-dimensional model was found fo give a satis-
factory approximation and it required a shorter computer time to con-
verge to a near steady solution. The influence of Tb and K TH on the
peak temperature and peak temperature shift was determined. Finally,
the radiance distribution, calculated from the theoretical temperature
distribution, was compared with measured results.
5. 2 TWO-DIMENSIONAL PROBLEM

The two-dimensional model was the physical model of Section 3.1
with a circular boundary. The interaction region influenced the arc
core only by the imposed conditions on the arc boundary. The equations
considered were the unsteady form of equations (3-17), (3-18) and
(3-19) in cylindrical coordinates. The unsteady equations in finite
difference form were iterated with respect to time until a near steady

solution was obtained. The physical significance of this numerical
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scheme is discussed by Crocco in Ref, 55. The two-dimensional
model required at least 30 minutes of machine time to converge to
a near steady solution.

Since the arc is symmetric about the xz plane only the half plane
6 =0 to 7 radians (Fig. 18) was considered. The spatial variables
werer =iAr (i=0, ..., 10)and 0 =jA6 (j=0, . . . , 12). This
mesh size appeared about optimum. A smaller mesh size did not im-
prove the accuracy, however a larger mesh size (i.e. 1=0, . . . , 5)
produced significant differences.

The boundary conditions were: 1) the temperature and density
were constant values specified around the boundary , 2) thé radial
velocity was zero at the boundary (i. e. no mass transfer) and 3) the
tangential velocity at the boundary was some fraction of the velocity
outside the arc core. The velocity distribution outside the arc core
was assumed to be that of a potential flow about a eylinder up to
6 = 7/2 and then zero from 7 /2 to 7. The tangential velocity at the
boundary was assumed to be zero or ten per cent of the velocity just
outside the are core. The assumed tangential velocity distribution
at the boundary had little influence on the velocity and temperature
fields inside the arc core near the x axis.

The other details of the two-dimensional problem are common to

the one-dimensional problem and will be discussed in the next section.
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5. 3 ONE-DIMENSIONAL PROBLEM

The convected balanced arc is symmetric about the xz plane,
therefore the x axis is a dividing streamline. The normal velocity
and gradients of density, velocity and temperature normal to this
dividing streamline are zero. Thus the one-dimensional equations
should provide a realistic estimate of the velocity and temperature
distribution along the x axis inside the arc core.

The model assumed for the one-dimensional problem was the
physical model of Section 3. 1 with uniform temperature and velocity
gradients in the y direction. The governing eguations were the one-

dimensional unsteady forms of Eq. (3-17), (3-18), and (3-19)

8p _ _,0p _ 9u -
at = " Ysx " Pax (5-1)
2
ou u@ﬂ_,a_li +é____1 au (5-2)
Pot = Pox " ax T 173,
2 K 2

I P D A PP ¥ L
Pag =~ Mg+ Ko ox " Prqy /L. 8X2+KJHJ+ T, ax) (5-3)

The density, temperature and velocity (u = 0) were specified at

the front and back of the arc, i. e. the boundaries. Equations (5-1),
(5-2) and (5-3) along with Eq. (3-6), (3-7), (3-9) and (3-10) for

h, P, ¢ and Trespectively, were sufficient to determine the non-
dimensional variables (referenced to the quantities in Section 3. 3)

density, velocity and temperature.
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The fluid physical and transport propértieé were read into the
machine iﬁ tabular form as functidns of temperature. The properties
(i.e. o0, Z, ¢ and h) were brought into the ﬁachihe kcalgcul‘ations by
a table‘look—up routine. The coefficient of viscdsity L was assumed
constant at a mean temperature value. The actual valﬁe of u varied
from the mean value by at most a faétor of two over the temperaturé
ranges considered. It w‘as of interest to compare the calculé,ted
results with experimental results, thus most of the numerical work
was for P = .0191 atm (i. e. Mach 3.0). The air data was taken
from References 25, 47, 49, and 75. The curves used for o, h, and ¢
are shown on Fig. 30 and 31. The data for nitrogen was taken from
References 34, 35, and 48.

Equations (5-1), (5-2), and (5-3) were formulated in explicit
form using central finite differences according to the scheme discussed
in the next section. Because of the explicit form the momentum and
energy equations were unstable under some conditions and stability
criteria had to be considered (Section 5. 4). Twenty stations along
the x axis (from the back of the arc to the front) appeared about op-
timum for accuracy. The one-dimensional problem converged to a
steady solution in 3 to 5 minutes for most cases.

The reference temperature T, was usually the boundary tempera-

1

ture Tb’ except in cases where Tb was so low that 0y = 0. In these

cases using T1 = Ty, would result in a singularity in the problem,
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thus T1 was taken as the peak temperature. Since the peak tempera-
ture was not known a priori, it was first guessed and then the guess
was improved on the succeeding one or two runs. One observation
of the numerical work is that for constant P, the peak temperature
is fairly constaht for data consistent with the physical behavior of
convected balanced arcs.

5.4 STABILITY CRITERIA

Consider the partial differential equation

J2u 82u ou

—aT=aO——2+al'é—}z (5'4)
0xX

where ao and a, are constant coeffiecients. An explicit central finite

difference form of Eq. (5-4) and the scheme used in this investigation

is
n+l n n n n n
-u u, - 2u, + u, u, , -u
i -a i+l i i-1 +a ( irl 1—1) (5-5)
At — 70 2 1 2A%
(Ax)
wheren=0, 1, . . . andi=1, 2, . .., M.

If u(x, t) is the exact solution of Eq. (5-4) and uil is the solution
of the finite difference equation (5-5), the error of the approximation
is lu;l - u(iAx, nAt) [ . The basic notion of such an approximation is
that the error can be made as small as one pleases by letting At,

Ax -0 for a fixed nAt. H we hold Ax constant and continue the solution
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of Eq. (5-5) for smaller values of At there is a value of At where we
will begin to accumulate errors of some sort which will be amplified
to an unacceptable degree after a relatively small number of cycles
(Ref. 43, p.9). This behavior is a property of the difference equation
(5-5) and is called instability. If we are to reduce the error of the
approximation by refining our mesh size, we cannot reduce Ax and At
in an arbitrary manner.

For the finite difference equation (5-5) the requirement on Ax

and At to insure stability is (from Ref. 43)

2a0 At
7 <1 (5-6)

We assume that locally for a given time increment, u = constant

such that the momentum equation (5-3) is quasi-linear of the form
=a, —5+ a 33—1—1+a u+a (5-7)
0 0.2 Tlax "2 3

where

, K=0,1,2 3

K
a0=4/3Ji—cp
a, = -u
a2=0
aszi(j'%
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The criterion for stability of the explicit finite difference form

of Eq. (5-7) is

g_ n1 At2§1 (5-8)
p; VL, (Ax)

The stability criterion for the energy equation (5-4) was less

stringent on the required value of At than Eq. (5-8) so that Eq. (5-8)

was the criterion for the system. The actual criterion used was

8 1 At
3 n 2 <
p; VL, (&%)

pof =

(5-9)

The computation started with a constant At and Ax. At eaéh
station and time increment Eq. (5-9) was checked. I Eq. (5-9) was
violated at any station, the At was adjusted so that Eq. (5-9) was
satisfied. The solution was then backed up one time increment and
the computation continued using the adjusted value of At. There
were several cases where the required At from Eq. (5-9) was so
small that the computation was essentially stalled. These cases
occurred when there was some question about the inputs E,B, and D
being realistic. For realistic data inputs the above stability scheme
worked very well and the one-dimensional problem iterated to a

near steady solution in 3 to 5 minutes.
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5. 5 NUMERICAL RESULTS

The Lorentz force acting on the conducting fluid elements and
(to a lesser extent) the pressure distribution and viscous stresses on
the front half of the arc boundary will generate a circulation inside
the arc core. This convection interior to the arc will displace and
distort the isotherms from their cylindrically symmetric pattern of
a free-burning arc. A typical twb—dimensional result for allarge iso-
therm displacement is shown on Fig. 32. The peak temperature is
displaced in the j x B direction to about 70 per cent of the radius.
This severe distortion of the isotherm pattern is in agreement with
results reported by Harvey in Ref. 31.

Figure 32 is the near steady two-dimensional solution for a zero
slip condition at the arc boundary. A solution was also determined
assuming the same inputs as Fig. 32 but a ten per cent slip at the
arc boundary. The influence of this change in the tangential velocity
boundary condition extended in from the arc boundary about 30 per
cent of the radial distance for the velocity field and about 20 per cent
for the temperature field. At the x axis the temperature and velocity
fields were the same for these two cases. From this limited study it
appears that the external flow (in regard to pressure distribution
and viscous stresses at the boundary) does not have a significant

influence on the fields inside the arc core. This study did not consider
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mass transfer at the boundary; further work should include this effect
as it may iﬁluencé the internal motion signiﬂcantly.

Figure 33 shows the cofnparison of the tempei'ature distribution
along the x axis for the one- and two-dimensional models, .The agree-
ment is quite good and thus we assume that the one-dimensional model
will give realistic temperature distributions along the x axis even for
arcs with non-circular cross-sections but symmetric about the xz
plane. Based upon the comparison in Fig. 33 and the much shorter
machine time required by the one-dimensional model, the one-
dimensi/onal model was used to determine the effects of the governing
parameters.

Figure 34 shows a comparison of results from the present 6ne-
dimensional numerical program with measured and numerical results
of other investigators for a wall stabilized nitrogen arc at one atmos-
phere. The one-dimensional results agree quite well, thus we conclude
that the present one-dimensional numerical program gives reliable
results for low magnetic fields. It was assumed that the program also
gave reliable results foxj large magnetic fields. Later comparisons
with measured results indicated that the assumption was valid.

The effect of boundary temperature Tb on the peak temperature

and displacement of the peak temperature is shown on Fig. 35. A

qualitatively similar behavior was observed by Harvey (Ref. 31) for

a wall stabilized arc in air at one atmosphere. The initial conditions
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specified on Fig. 35 correspond to RUN 657 (Fig. 10). The Tb is
determined by specifying oo, and requiring the one-dimensional

force balance condition, i.e.
BE /2 odx = (22 )4 (3-33)
9 ®n

to be satisfied. The stagnation point pressure coefficient (AP/ q°°n)
has a constant value of 2. 05 for blunt shapes with separated flow and
flow Mach numbers up to 0.9 (Ref. 71, Chapter 12).

If we specify qe, = 0. 196 psi (i. e. the value for RUN 657) and
the initial conditions on Fig. 35, Eq. (3-33) is satisfied for T, = 7200 °k.
This estimated temperature distribution for RUN 657 is shown in Fig. 36
and we observe the peak temperature to be well forward. The densi-
tometer trace for RUN 657 shown in Fig. 26 indicates a similar shift
in the peak temperature. This comparison between measured and
calculated results for RUN 657 will be continued in Section 5. 6.

The effect of varying oo, 5 while maintaining constant P, and I,
on the temperature distributin along the x axis is ghown in Fig. 36
and 37. The measured data for RUN 657 with U = 655 fps was

used as a base point. The values for E,B, and D at lower velocities

but I = 216 amperes and P, = . 0191 afmospheres were determined
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as follows. From Fig. 20, RUN 657 appears to be in a transition
region between low and large Lc. It was assumed that RUN 657 was
in the Lc region where (E - Eo) I~ ch/3 (i. e. the slope m = 2/3).

From the discussion in Section 4. 6 the relations for E,B, and D become

a 4/5 a 8/5
o I3/5 o
E~~]—:T7—5— , D”;—-z—/-g and B~—IW-5— (5-10)
o0}
n

Using the base point and the relations above, new values for E,B and D
at constant POo and I were determined. Examples of the estimated
data are given in Fig. 36. The result was sets of data at constant
Iand Poo' but varying uoon which were consistent with the physiﬁal
behavior of convected balanced arcs. If new values for E, B, and D
had been estimated using the relations for low Lc and large Lc’

the difference between the values would have been less than 25 per
cent at L 100 fps.

Figure 37 shows the influence of the joule heating parameter K TH
on the peak temperature displacement. This investigation indicates
that K TH is the significant parameter for the displacement, rather than
simply Lc' The displacement of the peak temperature to its most for-
ward position appears to be related to the decrease of K_.. to its con-

JH
stant 0 (1) value.
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For all conditions represented by the curve on Fig. 37 the velocity
along the x axis was always less than the local sonic speed and the
induced electric’ 'field u x B was less than ten per cent of the applied
E. The peak temperé.ture was fairly consrtant at 12, 600 °K for all thé
oo consideréd.’ The result that the peak temperature was fairly
constant is consistent with the 'travelling arc results of Slovetskiy
(Ref. 72). Slovetskiy measured the peak temperature of a travelling
arc in air at one atmosphere. For the current range of 320 to 1800
amperes and velocities of 80 to 128 m/sec the peak temperature was
fairly constant at 12, 400 °K.

The cross-sectional temperature distribution for RUN 657 W’as
estimated as follows. The temperature distribution in the x direction
but at different y stations (see Fig. 18) was assumed to be similar
to the temperature distribution along the x axis (Fig. 36). This
assumption appeared reasonable in view of the two-dimensional dis-
tribution of Fig. 32 and the two-dimensional numerical results re-
ported by Harvey (Ref. 31). The cross-section was assumed el-
liptical with dimensions corresponding to RUN 657. A distribution of
pressure coefficients around the boundary was assumed such that the
total fluid dynaniic drag coefficient was 1. 75, Finally, the peak tem-

perature at each y station was adjusted so that the temperature dis- -
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tribution in the x direction satisfied the force balance Eq. (3-33). The
result was-a cross-sectional temperature distribution which balanced
the fluid dynamic drag on the arc. This temperature distribution is
shown in Fig. 38. Because of thé manner in which the cross-sectional
temperature distribution was determined, it must be made clear that"
the distribution is not unique, but rather a possible temperature dis-
tribution.
5.6 RADIANCE DISTRIBUTION FOR RUN 657

The characteristic response curve (optical density versus log ex-
posure) for the Kodak Panatomic - X film developed in D-76 (diluted
1 to 4) for 5 minutes at 68 OF was determined using the Edgerton,
Germeshausen and Grier Mark VI sensitometer. The sensitometer was
calibrated by comparing the characteristic response curves for film
developed by standard processes with Kodak published data (Ref. 73).
The light source for the sen51tometer was a Xenon flashtube (GE type
FT-118) which has a spectral rad1ance s1m11ar to a black body at
7000 K. The film and lens combination is sen51t1ve to radiation from
3800 to 6500 °A (Ref. 73). The characteristic response curve had a
v =0.225 (i. e, tangent of the slope of the respo‘nse curve). The above
developlng process was used to insure that the film had suff1c1ent

contrast over the exposure range of mterest to preserve the arc detail.
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The optical densities from Fig. 26b were converted to film ex-
posures Ex (in meter - candle - seconds) using the film response
curve. We assume that the Xenon flashtube radiates like a black body
at 7000 °K. Therefore the radiant effectiveness is approximately 90
lumens per watt over the entire spectral band. The fraction of the
black body radiation at 7000 OK between . 38 and . 65 microns is . 38
so that we define a "film'' watt as

1 watt = . 38 "film" watt
Thus 1 lumen corresponds to . 38/90 = 4. 2x 10_3 "f1lm" watt and
finally
1 mes~4.2x 10" "film" '\ava,tt—sec/cm2

The radiance N in watt/ sz was determined from

E =NQT t
X Sys ex

where Q = solid angle for £/11 lens opening,
6. 48 x 10”3 steradians

Tsys = transmission factor for viewing system,

assumed to be 1/3

t g = exposure time or shutter speed, 1/1000 sec.

The measured radiance distribution for the side-on view of RUN 657
is shown in Fig. 39. Assessing all the uncertainties involved, the ac-
curacy for the measured radiances should be within one order of mag-

nitude.
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The angular data for the visual observation of RUN 657 is pre-
sented in Table II. The angle between the normal of the microdensi-
tometer scan plane for the side-on view and the arc column axis
(i. e. the normal to the arc cross-section plane) is 32°. The projec-
tion of the side-on look vector in the cross-section plane is about 6°
from the major axis as shown in Fig. 38.

The calculated radiance distribution for RUN 657 was determined
assuming an optically thin gas in local thermodynamic equilibrium (LTE)
at Tg (i. e. the assumed equilibrium is among the gas molecules rather
than between the gas and the radiation) and using the temperature
distribution of Fig. 38. The total spectral radiation emission coef-
ficient € y (from Ref. 78) in watt/ cm3-steradian - hertz was integrated
over the spectral band . 38 to . 65 microns to obtain the visible range
emission coefficient €. The calculated radiances were determined

from

0

L
watt
N = f& de = E EA!Zi , —y

. cm -ster
-0 i=0

where the integration paths were along lines 6° from the major axis.
The path lengths (see Fig. 38) were increased by a factor 1/cos 32°
to account for the fact that the scan plane sliced up through the cross~
section plane at an angle of 32°, The calculated radiances are shown

in Fig. 39.
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The large difference (approximately three orders of magnitude)
between the measured and calculated radiance distributions shown on
Fig.. 39 is not understood. If the peak temperature on Fig. 38 was
increased to 16000 °k the increase in the radiance would only be
about a factor of three. If we assessed all of the possible uneertainttes
(short of possible non-equilibrium ef_feets) we could gccqunt for at
most one and a half order of magnitude error. At this point there is
not enough information to laccount for the difference between the mea-
sured and calculated results. Radiative non-equilibrium eftects might
be the reasjon,for» the discrepaney.{

The measured and calculated radiance distributions have similar
shapes which suggests that the kinetic temperature distributions are
approximately similar. The distributions show that the peak tempera-
ture is forward of the arc axis since these radiance distributions could
not be the result of a cylindrically symmetric temperature distribution.

Station 0 on Fig. 39 is in a region of steep temperature gradients
as it represents the summation of inteneities along line 0 on Fig. 38.
Thus station 0 essentially represents a temperature of 7200 OK since
the contributionvtouN‘from temperatures other than 17200 %K is neg-
ligible becaus,e their path lengths al'ong’ line 0 are small. | Qn the other

hand, station 21 is in a region of shallow temperature gradients and
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the contribution to N from temperatures other than 7200 °k along line
21 is significant. Thus the boundary of a luminous region represents
a temperature and temperature grad}ent combination, and a tempera-
ture can be assigned to this boundary only if the temperature gradients

are steep.
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TABLE II. ANGLE DATA FOR VISUAL
OBSERVATIONS OF RUN 657

e
/ —
n /’
y!
J.'.'
Angles in degrees
) (] v
Arc axis (normal to cross-
section plane) 19 90 109
Side-on View:
Look vector 127 -38 96
Normal to scan plane 42 59 116
Head-on View:
Look vector -16 106 79
Normal to scan plane 79 90 169
Notes:
1. x' is positive downstream along the electrode.
2. The Look vector is along the line of sight.
3. The scan plane is the plane for the microdensitometer scan

shown on Fig. 26.
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V1. CONCLUSIONS

This investigation was an experimental and theoretical analysis
of the convected balanced arc. The experimental part of the investi-
gation was carried out on high current arcs (175 to 500 amperes) im-
mersed in a supersonic airstream at Mach numbers of 2. 5, 3.0 and 3. 5.

Based upon the experimental results the following conclusions are made:

1. For cone cylinder electrodes and a supersonic airstream
the arc always slanted with the anode spot upstream of the
cathode spot. The angle of slant at a reference station one-
third of the distance from the anode to the cathode was near _
the free stream Mach angle. The slant angle at a constant
Mach number increased slightly with increasing current.

The velocity normal to the arc leading edge varied approxi~
mately as Yoop, ~ Il/ 4.

2. The electric field was constant for a given Mach number
(i. e. constant P and T) and currents greater than about
250 amperes,

3. The transverse dr and streamwise dg dimensions of the
arc increased with increasing current for a given M, according
to d~ V1L

4, The value of the magnetic field B at the reference station

was nearly constant for a given Mach number.
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5. The normal force coefficient Cp based upon dy and the
normal free stream dynamic pressure Aoy, was nearly con-
stant at 1. 75 for all three Mach numbers,

6. The arc effective temperature T ; (temperature cor-
responding to a mean conductance & or current density)

for a given M, was nearly constant.

7. The rate of energy transfer per unit length from the arc
column by radiation and mass transfer at the boundary was
small compared to the input energy gradient EI. Thus the
joule heating was balanced primarily by forced conv_ection
heat transfer at the boundary.

8. Microdensitometer scans of the arc photographs showed
the peak temperature to be located well forward of the arc
axis, Results from the numerical solution of the governing
equations showed the same feature. A microdensitometer scan
(optical density distributioh) of the side-on view from a typi-
cal run was converted to a radiance distribution. This mea-
sured radiance distribution was three orders of magnitude
higher than the calculated distribution (gas assumed optically
thin and in LTE). The measured and calculated radiance dis-
tributions had similar shapes, however, suggesting similar

kinetic temperature distributions.
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The theoretical analysis was based upon a continuum fluid in
LTE and the experimental observation that the convected balanced arc
is impervious to the free stream. The physical model chosen for the
arc column consists of 1) an arc core or interior: region, 2) an ex-
ternal region of free stream flow and 3) an interaction region sepa-
rating the interior and exterior regions. The interaction region has
the features of a boundary layer but it is not necessarily thin every-
where. The model assumes that y is constant at a mean value, and
that the energy transfer from the arc column by radiation and mass
transfer is small compared with EL. This model permitted the study
of.the arc core independent of the external flow and interaction region.
The theoretical analysis of the uniform column based upan the above
model indicated the following conclusions:

1. A characteristic velocity for the arc core is

ufw in agreement with Harvey. This velocity

represents the effective increase .in the kinetic energy of a

fluid element due to the work done by the Lorentz force over

the distance dg. Based upon uy and a characteristic dimen-

sion and temperature the significant similarity parameters

for the arc core are the Lorentz number L, = Py BIdl/,ul2

(analogous to the Grashof number in natural convection prob-

lems), the power gradient parameter Py = EI;/¢q, the Prandtl

107



number Pry = g1 h1/¢q and the Eckert number Ky = u12/h1 .
Since the arc is balanced in the moving stream with nearly
constant CD y b ™ Reoon.

2. As L, becomes large (i. e. increasing u°°n) the heat
conduction, viscous dissipation and pressure work terms in
the energy equation become negligible compared to the joule
heating and convection terms. At large L, the coefficient of
the joule heating term KJH = EI/qbl Prlw/rL_c becomes con-
stant. Thus at large L, we must have EI/¢; ~VL,. The
characteristic relation for constant Py, becomes E ~ uooi/ 3/ 11/ 3.
3. For large L c and T{ and CD constant, the theory pre-

dicts D ~ 12/3/%%/3 and B ~ u°§/3/11/3. Thus, as Uco,, in-
creases for constant I, the size of the arc (as represented

by D) decreases and E increases. At the same time B would
increase to keep the Lorentz force equal to the drag force.

This behavior is observed experimentally.

4. The numerical solution of the governing equations for

the arc core indicates that the one~dimensional equations

give a satisfactory approximation for the temperature distri-
bution along the x axis. As K JH decreases 1o its constant

value for large L, the calculated peak temperature shifts to
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its most forward position. If L. is increased further (for con-
stant I and P)) the temperature isotherms distort around the
periphery of the front half of the arc and the temperature dis-

tribution along the x axis becomes more flat.

The experimental results from Roman (Ref. 19) and the present in-
vestigation were used to test the theoretical model. Based upon this

comparison the following significant conclusions are made:

1. For large Lc the present theory simplifies the energy
equation considerably and predicts El/ ¢1 ~ w/—L—; which is in
close agreement with UM data. Roman's data, however,
displays an EI/¢; ~ L o behavior and is in the low L, regiqn
where the effects of heat conduction, viscous dissipation,
pressure work, self-field, ete. are significant.

2. o the data from Roman and the present study is expressed
as log { (E - EO)I/ Prq qbl} versus log L,, Roman's data col-
lapses about a curve having a slope of 1. 0 and the present

data collapses about a curve having a slope near 1/2. A
continuous curve drawn through the two sets of data appears

to describe the macroscopic behavior of the convected balanced
arc from low Lc to large Lc .

3. The results are consistent with the hypothesis of a uniform

impervious slanted arc column.
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FIGURE 1 Details of electrode and electrode assembly
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{b) View looking West
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FIGURE 2 Experimental apparatus for convected
balanced arcs in a supersonic stream
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(b) Viscicorder trace of steady arc

FIGURE 3 RUN 588, M_ = 3.0, I= 233 amps, gap = 1.0 inch,

Var 5= 1265 volts, copper electrodes
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(@) Photograph of a steady arc

(b) Viscicorder trace of a steady arc

FIGURE 4 RUN 547, M_ = 3.0, I =496 amps, gap = 1.0 inch,

Varc = 1031 volts, copper electrodes
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(a) Photograph of an unsteady arc

.

(b) Viscicorder trace of an unsteady arc

FIGURE 5 RUN 658, M_ = 3.0, I=170amps, gap = 1.0 inch,

Varc =7, copper electrodes
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(a ) Side view schematic showing magnetic field lines

( b ) Head-on Schematic

(¢ ) Near side-on and head-on photographs

I =180 amps , gap = 1.0 inch ,

Fig. 6 RUN 562, M _.= 3.5,
P_ =96 mmHg, copper electrode

N 129 volts™, 0
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Fig. 7 Observed leading edge slant angles for balanced convected
arc in a supersonic stream
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Fig. Tb. Variation of u,, with arc current for convected

balanced arc in a supersonic stream.
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Arc Dimensions ,

dT = Transverse dimension

dL = Streamwise dimension uncorrected for
side-on observation angle
— dS = Streamwise dimension = 0,89 d'
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Fig., 8 Observed dimensions of arc luminous region
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(@) RUN 657 , £/11at 1/1000 , I=216 amps

(b) RUN 663 , £/22at1/1000 , I=216 amps

(c) RUN 665 , f/32at1/1000 , I=216 amps

FIGURE 10 Variation of Lens Opening for Mach 3.0
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Fig. 12, B/ g, variation with 1//f for balanced convected arcs
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Closed symbols are streamwise dimension, dS
Open symbols are transverse dimension, dT

Fig. 13. Roman's experimental data for an Argon arc burning in

n
(a) Observed dimensions of luminous region

air at 1 atm and low speed cross-flow (Ref. 19).
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Fig. 14 Physical model of the balanced convected arc
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Power Input Gradient, EI, Watts / Inch
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Fig. 19. Power input gradient versus Reé2 for Roman's data.
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T1 = Arc Effective Temperature
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Fig. 22 Range of Remn and LC In ARL and UM Experiments
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Voltage

10 10 10 10

Fig. 24. Behavior of the Joule heating parameter for UM data,

Region A - Glow discharge
Region B ~ Arc discharge
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Fig. 25. Static characteristics of self-sustaining gaseous discharges.
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Cathode-\ | Anode
Drop [ —r Column erC Drop
-V T
™\
(a) Electric arc showing regions of cathode and
anode drop (distances exaggerated) and positive

column. Note severe contraction at cathode and
less severe contraction at anode,

\_J

Gas
Temperature
(b) Gas temperature along arc (electron temperature
equal to gas temperature at elevated pressures).
A1
Voltage
vV
C
(c) Voltage, V, along arc showing potential falls in
cathode and anode drop regions. Note constant
voltage gradient (electric field strength) in column.
Current A
Density

(d) Current density (amperes/ cmz) along arc.

Fig. 28. Schematic of an electric arc.
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Temperature, °k

P_, mm of Hg

o0?

Fig. 29. Dependence on gas pressure of electron and
gas temperature of an electric arc (from Ref. 4).
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Fig. 30. Equilibrium air data at P, = .0191 atm.
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Fig. 32. Temperature distribution for two-dimensional model
with Ty, = 6000°K, B = 1430 gauss, E = 21 v/inch,
dg = 0. 335 inches, Ty = Tp, L¢ = 469 and Ky = 0. 136.
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Maecker (Ref. 46, p. 282)

o Harvey, B =96 gauss., | =26 amps (Ref. 31)
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o Present investigation, B = 96 gauss., | =25 amps,
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»Fig. 34. Comparison of mea:suréd and calculated temperature

distributions for 1 atm Nitrogert arc.
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Temperature, °x
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Fig. 36. Calculated temperature distributions for
air at Py =, 0191 atm and I = 216 amps.
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152



Appendix A

ANALOGY WITH NATURAL CONVECTION
OF HEAT IN A HORIZONTAL TUBE

Information about the balanced convected ai'c can be obtained by
considering a related problem; that of natural convection of heat in a
horizontal tube. The analogy between the two problems is that conduc-
tion and convection are the primary heat transfer mechanisms in the
interior (for arcs where radiation is small) _and they both have an
external volume force; the Lorentz force in one case and the buoyancy
force in the other.

Weinbaum (Ref. 32)* considered theoretically a horizontal tube of
circular cross section whose wall was maintained at the temperature
distribution T wall = To + AT cos (6 + 90) (shown in Fig. Al). In
natural convection problems the important parameters are (subscript

zero denotes conditions at the origin):

B'g AT poz ro3
Gr = Grashoff number = 5 (A-1)
©

= ratio of body force (due to buoyancy) to viscous force
where B' = 1/p (3p/ aT)P , thermal expansion
Pr = Prandtl number = y Cp/k

0= Characteristic velocity = Vg* AT g r (A-2)

*Ostrach and Menold in Ref. 33, discuss Weinbaum's work and
extend it for other temperature distributions.
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u  comes from the effective increase in kinetic energy of the fluid due
to the work done on the fluid by buoyancy forces.
For small pressure changes we can express p/ Py = 1-8'(T- To)’

The governing equations are

0 0
7% (P0) + 5 (pv) = 0 (A-3)
du, du_ 19P plg2 ,1__9_(226_") ]
llx‘j’x"'vélfy'—_pé?zc+p[V Ut gox ax+ay (a-4)
ov, ov_ 19  pul2, .13 (ou ov
U+ v =" Py g+p[V +38y(ax+ay>} (A-5)
Wi,y K ¢2q (A-6)

where we have assumed constant specific heat, thermal conductivity,
viscosity and negligible viscous dissipation. The constant properties
imply that AT/ T, <K 1. Weinbaum expresses © = (T - To)/AT and

rewrites Eq. (A-3) through (A-6) as

1 4 1 ¢ oy 8 _2 3 =i
—_—V - 9¥ oy d _ 8 siné _Q—
or© Y*T 38 5997 T W= 008 B30T 55 (Aa-1)
1 2 1 oy 9o oY 0
V'e+= %L — L — = -

Brver” Otrarse apar 00 (A-8)

where V_ = la_'k andV,_ = -~ @1—/ are the nondimensional radial and
r ro 6 or

tangential velocities. Equations (A-T7) and (A-8) together with the b.c.
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oY/or = 3Y/96 = 0 and © = cos (8 + 00) at r = 1 complete the statement
of the problem. "

Equations (A -7) and (A-8) are of the boundary layer type as the
coefficients of the highest order terms get very small as Gr gets very
large. For large Gr the viscous and heat conducting terms become
negligible everywhere except in the immediate vicinity of the boundary
where their presence is essential if the b.c. at r = 1 are to be satis-
fied. Thus, for large Gr the flow in the interior is governed by the

inviscid equations:

WO Y od

5r 30 30 or ~ ° (A-9)
1fov a Y a\g2, _ 9 Sin@__a_)'
- r(ar 3 " o a:-)v = (“’S Ot w)° (A-10)

For large Gr the region where velocity and temperature gradients
are large (i.e. the boundary layer) must be very small because these
gradients must be very large in order to make the viscous and heat

conduction terms significant.

/ T =T, + AT cos(0+ )

Figure A-1. Configuration for the problem of natural convection
of heat in a horizontal tube (Ref. 32).
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Appendix B

FORCED AND NATURAL CONVECTION HEAT TRANSFER
FROM HEATED SOLID CYLINDERS

The convection heat transfer from heated solid cylinders with

_surface temperature TS is expressed as:

Q=7 Nuk, (T - T) (B-1)

where

Nu = h2rs/k Nusselt number

f H
h = heat transfer coefficient
ry = radius of solid cylinder

kf = thermal conductivity evaluated at the film

temperature Ty = T_ + T 0(/ 2

The Nu is a function of the product of the Grashoff number (Gr)
and Prandtl number (Pr) for free or natural convection, and of a charac-
teristic Reynolds number (Re) for forced convection. For solid circu-
lar cylinders with AT's of at most 1000°K the experimental data cor-
relates very nicely when (Gr Pr) and Re are evaluated at the film

temperature Tf. For this we get:

Natural Convection NuNc = const (Gr Pr);n (B-2)

Forced Convection NuFC = const' (Ref)n (B-3)
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The values of the constants, m and n for the equations (B-2) and
(B-3) are obtained from correlation curves of the experimental data
(Ref. 37, pp 529 and 38). The Hilpert correlation curve is used for
forced convection and is shown in Fig. B-1. McAdams' correlation
curve is used for natural convection heat transfer from horizontal
cylinders (Fig. B-2) and King's corr‘elation curve for natural convec-
fion heat transfer from vertical cylinders (Fig. B-2). The correlation
curves for natural convection from horizontal and vertical cylinders
overlap each other and a single curve is usually drawn through both

data as shown in Fig. B-2.
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Appendix C
ARC SLANT AND CONFIGURATION

A striking observation of a balanced convected arc in a supersonic
airstream is the slant of the arc column. The arc slant is usually in |
a direction and at an angle such that considering the Hall effect could
qualitatively explain the behavior. This appendix indicates that the
slanting is not an electro-magnetic effect (i. e., Hall effect) but rather
a fluid-mechanical effect and is related to the shock wave pattern be-
tween the electrodes.

The general Ohms law can be expressed as (Ref. 25, pg. -190)

-

j = O'(E + ‘_V: X E) - weTe_]’ X (B/B) + (ion slip) (C-1)

Hall Current

where ion slip accounts for a current due to the ions having a large
velocity relative to the neutral particles. Ion slip can be neglected
for weakly ionized gases and (we Te)2 < w/—r_n_i7_m—e . The other terms
in Eq. (C-1) are defined in Section 3. 2, Equation (C-1) also neglects
a conduction current due to diffusion of species and currents due to a
non-uniform magnetic field.

We take the vector product of Eq. (C-1) with B to obtain ] X B
and substitute this back into Eq. (C-1). The explicit expression for

J (neglecting ion slip) is
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T=—UO . E4+VxB-wriB+VxB)x(B/B) (3-10a)
2 2 ee
1+we Te

The components of ] are (using Figure 14)

. o 2
jg = 1———————————2 3 EX - weTe(Ez + uB) (C-2)
+w T
e
j=—2% - E +uB+ow 2K (C-3)
Z 1 2 2 7z ee x
+ W, T,

If the electrodes are continuous electrical conductors {equipotential
surfaces), any electric fields in the stream or x direction that might
be generated will in essence be short circuited, such that EX = 0.
For a plasma sheet between these continuous or rail electrodes a
streamwise current jX will flow due to the Hall effect and the total

current vector will be slanted in the channel, This slant is given by

ol &

z 1 '
tana=§——-£0——,—r-z (C-9)
X e e

where « is measured from the x axis.

For pin electrodes or segmented electrodes (individual electrodes
separated by insulators and each having its own power supply) a cur-
rent in the stream direction cannot flow, so that the Hall current
jX =0 and @ = 90°. There is now an x component of thé electric field
givenby E_=w_ Tf(EZ + uB) and called the Hall field (References 25

and 27).
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Zanderer (Ref. 22) used a segmented electrode arrangement in
a chamnel accelerator and observed a travelling arc that was straight
up and down regardless of the value of W, T As the arc moved down
the channel it would extinguish and re-ignite for each electrode segment.

It was not clear whether the cone cylinder rail electrodes used
in this investigation were behaving like rail electrodes or skewed
(i. e., off set) pin electrodes. The values of w, 7, at Mach 2.5, 3.0
and 3. 5 were such that the angle a from Eq. (C-4) was near the ob-
served slant angles. The convected balanced arc with cone cylinder
electrodes always slanted in the Hall direction (i. e., cathode down-
stream of the anode). Thus it appeared as though the Hall effect
might be the reason for the arc slant.

Podalsky and Sherman (Ref. 70) investigated theoretically the
influence of the Hall current on a plasma sheet flowing between rail
electrodes. They considered a "tilted" electric field (using skewed
electrodes) and showed that the direction of the total current is very
much affected by the angle of "tilt".

If we assume that the electrodes used in this investigation behave
like rail electrodes and the arc slant is due to a Hall effect, then al-

tering the electric field should alter the arc slant angle. Following
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this assumption, the electrode Models A through F, shown on Figure
C-1, were used in different combinations to examine the effect of
tilting E *,

The results were that the arc slant was identical for all combina~-
tions of electrode Models A through F. Three of the more extreme
electrode combinations are shown on Figure C-2. The arc configura-~
tions were all similar and the arcs were steady in most cases. Runs
596 and 599, shown on Figure C-2, exhibited a slight unsteadiness
(voltage fluctuations of + 5 volts). This behavior is attributed to the
circumstance that the cathode spot of Run 596 and anode spot of Run
599 were located at a nylon-copper junction on the electrodes.

The different electrode combinations did not produce a tilting of
the electric field vector, thus the electrodes were not behaving as
rail electrodes, but rather as skewed pin electrodes. Hence the Hall
current was zero and the use of the simple Ohm's law was valid, i.e.,

T=0(E+V xB) (3-101)

It appeared from these observations that the slant was fluid-
mechanical in nature. It was therefore of interest to examine how
the arc configuration varied with changes in the flow pattern between
the electrodes. These changes were accomplished by generating dif-

ferent combinations of strong and weak shock waves off the front of the

*This experiment was first suggested by Charles Bond in 1965.
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electrodes using electrode Models A and G. The operating conditions
for the first set of runs described in this appendix were: My = 3.0,
Py = 14.5 mm Hg, gap = 1.0 inch, I = 218-224 amperes. The loca-
tion of the field coils was fixed.

The shock wave patterns are shown on Figure C-4 and the arc
shapes on Figure C-3. The weak conical shocks were darkened slightly
with a soft lead pencil on the schlieren photographs. It was not pos-~
sible to obtain schlie;'en photographs of the balanced connected arc
because of the location of the magnets. It was assumed that the pre-
sence of the arc would not affect the shock wave pattern very much and
the schlieren photographs of Figure C-4 would be representative of
the shock wave patterns for the arcs shown on ‘Figure C-3.

Figure C-3 (a) shows a convected balanced arc with a blunt cathode
(top electrode) and a cone-cylinder anode. This arrangement produced
an arc configuration which slanted opposite to the normal slant (i. e., Hall
direction). This was the first observation of a balanced convected arc
having a slant opposite to the Hall direction and is further proof that
the arc slant is not due to the Hall effect. The apparent arc slant
shown on Figure C-3 (a) is 42. 5°; after correcting for the viewing
angle the actual angle of slant is 350, The cathode spot was about 1.5
inches from the electrode base and the anode spot was at the junction

of the electrode hose and the teflon washers (Figure 1).
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With a blunt anode and a cone cylinder cathode the arc configu-
ration is as shown on Figure C-3 (b). The interesting observation
here is the absence of the kink in the arc leading edge and a constant
slant angle of 27, 5° From Figure C-4 (b) we observe that the bow
shock slants at about 28°. The center of the anode spot is about
1/4 inch from the blunt nose and the arc appears to position itself
just behind the bow shock. The conical shock and expansion wave from
the cathode are not strong enough to influence the flow field very much.
The current through the magnetic field coils was 1820 amperes and
this provided a B of 1500 gauss at the reference station. The arc was
very steady.

With blunt electrodes for both the anode and cathode the arc con-
figuration is as shown on Figure C-3 (c). Here again the anode spot
is 1/4 inch back from the blunt nose and the arc has a lower leading
edge slant of 30. 52 and an upper leading edge slant of 34°. The pro-
noune¢ed kink half way up the column is at the location of the intersec-
tion of the two bow shocks. From Figure C-4 (c) the bow shocks have
a lower angle of about 31° and an upper angle (after the shock inter-
section) of 35°. Here again it appears as though the arc positions
itself just behind the shock.

A second set of runs was made using the same electrode combi-
nations shown on Figure C-3 but the current range was increased to

370-390 amperes and the field coils were moved downstream one
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quarter inch. The other run conditions were identical to the previous
runs. The arc configurations and root locations were the same as the
previous runs at the lower currents. The arc slant angles were equal
to or at most one degree greater for the higher current runs and cor- -
responding electrode arrangements. The current through the field
coils was 1740 amperes. This lower coil current and the more rear-
ward location of the field coils produced a 25 per cent decrease in the
magnetic field strength at the reference station. For example, Run
733 had a blunt cylinder anode and cone cylinder cathode electrode
arrangement (some as Run 668, Figure C-3), an arc current of 390
amperes and a B of 1200 gauss. The dynamic pressure oo, is the
same for Runs 733 and 668 so that the
B ~ 1/11/3

behavior of Eq. (4-28) is demonstrated.

The arc for the normal electrode arrangement (i. e., two Model
A electrodes) is located well behind the attached conical shocks as
the anode spot is always behind the shoulder of the cone-cylinder
(about 2. 0 inches from the tip for the My, = 3. 0 runs). Since the arc
is not positioned directly behind the shock it can ddjust its slant some-
what depending on the current as shown on Figure 7. This behavior
is indeed puzzling and a possible explanation might be as follows. The
convected balanced arc cannot withstand (maintain a steady condition)

the steep pressure gradient of a leading edge shock. Thus it slants
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slightly behind the local Mach angle. As the arc current increases,
the local temperature might increase such that the local Mach angle
and hence the arc slant angle would increase accordingly.

The details of the slanting mechanism are still in question. How-
ever, it does appear as though the slanting behavior of the convected
balanced arc is directly related to the flow field and shock wave pat-

tern between the electrodes.
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(@) Run 592, I=216 A, Anode and Cathode - Model A (normal)

() Run 596, I =216 A, Anode-Model A and Cathode-Model D

() Run 599, I=224 A, Anode-Model E and Cathode-Model F

FIGURE C-2 Photographs of Mach 3. 0 runs showing effects
of electrode configurations
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(@) Run 600, I =218 A, Cathode - Model G and Anode - Model A

(c) Run 601, I =224 A, Both Cathode and Anode are Model G

FIGURE C-3 Photographs of Mach 3.0 runs showing effect
of electrode shape
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(a) Cathode - Model G (b) Cathode - Model A
Anode - Model A Anode - Model G

() Cathode - Model G (d) Cathode - Model A
Anode - Model G Anode - Model A

Figure C-4 Schlieren photographs of electrode com-
binations at Mach 3.0 (cathode on top)
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Appendix D
FREE-BURNING ARC MEASUREMENTS

It was of interest to know what the characteristic curve looked
like for a frvée‘burning arc in air at low pressures and high currents.
Specifically the curve at P, = 14. 5 mm Hg and a current range of 190
to 400 amps would represent the limiting characteristic for the
M;O = 3.0 runs és Lc ~ 0.

'The apparatus for a free-burnihg *arc was installed in the 4 x 4
supersohic tunnel. By clbsing the upstream valve and opemning the
downstream valve, Pu's from one atmosphere down to 9 mm Hg
were obtained; The apparatus is shown in Fig. D-2. OFHC copper
electrodes, 1/2 in. in diametef were used with the cathode always on
the bottom. Electrode gaps of 1.0 to 2; 4 in, were studied. Figure
D-2 shows a 190 amp free—burnir’lgn arc in air at one atmosphere and
an electrode gap of 1. 2 in, Pressures of 1. 0, 0.627, 0.1 and 0. 019
(14.5 >n‘1m Hg) atmospheres W.ere examined over the current range
of 190 to 400 amps.

lThé inea.sured electric fields are shownin Fig. D-1 along with results
from oéherﬂ investigations. The data at one atmosi)here is consistentwith
King".‘s data for anitrogen arc (Ref. 57), Roman's data for anargonarc

burning in air (Ref. 18) and Reider's datafor low currentair ares (Ref. 44).
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The electric fields at one atmosphere and 0. 627 atmosphere showed

a slight positive characteristic over the current range of 190 to 400
amps. This observation is in agreement with King (Ref. 57) and
appears to be due to the strong electrode jets. The characteristic
curves at 0.1 and 0. 0191 atmosphere were fairly flat over the current
range.

The electric field was difficult to determine at 0. 0191 atmosphere
for two reasons. First, the arc was electrode stabilized* for gaps less
than 2.0 in. Thus the data from gaps at 2.0 and 2.4 in. were for arcs
at the onset of convection stabilization and the electric fields were not
completely independent of electrode gap. The second reason was that
the voltage differences were very small and their measurement was
difficult. For these reasons E at Poo= 0.0191 atmospheres is repre-
sented as a range from 2.0 to 4.0 volts/in. in Fig. D-1 and D-3. The
extrapolation of the data at higher pressures in Fig. D-3 indicates that
an E = 2. 5 volts/in. is a reasonable value for Pw= . 0191 atmosphere.
The data does indicate that E is fairly constant over the current range
examined.

The presence of anode jets are very noticeable in the arcs at 1.0
and 0. 627 atmosphere as shown in Fig. D-4. King remarks that the
cathode and anode jets are responsible for the positive characteristic.

The jets will augment the natural convection of heat from the column,

*The total voltage was not linear with arc length. See also Section 1. 4,
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thereby causing the input power to increase (Section 4.6). If the arc
is made long enough the characteristic curve is again flat as the effect
of the electrode jets on the arc column is made negligible (King,

Ref. 57). These jets are not observed in photographs of the arc at the
two low pressures.

We can again apply heat transfer ideas to measured arc data as
was done in Section IV and by Suits and Poritsky in Ref. 41. The
measured data will be for the free-burning arcs and we will try to
determine the functional form of NuNC = f(Gr Pr) (Appendix B).

We will assume that the energy transfer out of the arc by mass
transfer and radiation is small compared to the energy transfer by
natural convection at the boundary r = rb (Ref. 56). We also assume
that for a constant Poo and Toothe effective temperature T(r is fairly
constant over the current ranges I < 50 amps and I > 100 amps
(Ref. 41).

Thus, Ohm's law is given by Eq. (4-1).

I = const D2 E (4-1)
where D = Zrb and Y is a characteristic dimension of the arc cross-
section, i.e. the radius of the luminous region or some appropriate

isotherm. Krinberg (Ref. 56) used 5000°K and 6000°K for his

boundary temperature.
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The energy balance at the boundary is given by Eq. (3-30) and

(B-2):

EI = const’ 7 (Gr Pr)m ¢b (D-1)
where Gr and Pr are based upon film temperature properties and rb.

For P , T and T constant Eq. (D-1) becomes
0 T o
EI = const'' D3m - (D-2)
Eliminating D between Eq. (4-1) and (D-2) gives
e
E = cona;t
1

where n =2 - 3m)2 + 3m). (D-3)

Rieder's data (Fig. D-1) for currents less than 50 amps has a
slope of approximmtely - 1/3 (i.e. n = 1/3). For currents greater than
100 amps, this investigation indicates a flat characteristic (n‘ = 0).
Putting this information into Eq. (D-3) gives:

Nu_ . ~ (Gr ]?r)l/3

NC for 1< 50 amps

9 ,
NuNC (Gr Pr) for 1> 100 amps

The current interval 50 <1 < 100 appears to be a transition.
The Nusselt number relation for vertical heated solid cylinders

is (from Fig. B-2):

Turbulent range , 109 < PrGr< 1012 NuNC =0.13 (Pr Gr)l/3

Laminar range , 104 < Pr Gr <109 NuNC = 0.55 (Pr Gr)1/4
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We observe that the natural convection heat transfer coefficients
for the free-burning arc appear to be higher than those for the vertical
solid cylinders of equivalent dimensions and boundary temperatures.
This is reasonable since the free-burning arc has the additional heat
transfer process of mass flow along the column axis and through the
boundary. This internal convection is generated by buoyancy forces
and the electrode jets.

Rowe (Ref. 58) considered the theoretical problem of the free-
burning arc and concluded that the relation

_ 1/3
NuNC = 2 (Pr Gr)

(D-5)
was valid for all currents. He assumed that Pr and Gr were based
upon film temperature properties (TB = TS = SOOOOK) and an axial
length Z for the characteristic dimension. The exponent equal to 1/3
in Eq. (D-5) is a consequence of the fact that the effect of Z must vanish
from the problem, since the column is uniform and independent of dis-
tance from the electrodes. There is partial agreement between Eq. (D-4)
and Rowe's equation (D-5). The reasons for the difference at the high
current range are not clear.

The assumption that T(Jr is fairly constant for changing current and
the experimental fact that E is constant give us

D = const V1 (D-6)

which is the same relation for the convected balanced arc.
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Now let us hold current constant and determine the relation be-
tween E and Poo. We consider I and Too constant. Ohm's law is

I = const D? E Poor’1

(D-7)

where POQI‘_1 accounts for the change in electrical conductivity as the
pressure Poo is varied. Suits and Poritsky (Ref. 41) discuss this
term in detail and conclude that I"= 1. 44 for air. Equation (D-1)

becomes

2m D3m
0

EI = const P (D-8)

Now eliminating D between Eq. (D-7) and (D-8) and considering

I as a constant we get

where

L=l [3(1-1) - 4]

3m + 2 (D-9)

Substituting T'= 1. 44 and m = 2/3 into (D-9) gives n = - 0. 448. Thus

E = const’' Poo' 448 (D-10)

Figure D-3 shows Eq. (D-10) compared with the experimental results.
The failure of Eq. (D-10) to agree better with the experimental data
is perhaps due to the value for I'. I' = 1. 44 was determined for low

current arcs (up to 30 amps) and pressures of 1 to 30 atmospheres.
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Fig, D-2 Set-up for free - burning experiments showing a 190 amp
arc in air at one atmosphere and a 1.2 inch gap
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Fig. D-2 Electric field for high current free-burning arcs in air
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Po=1.0atm, I=300A, gap = 1.2" P, =.627atm, [ =298 A, gap = 1.2"

P,=0.1atm, I=196 A, gap = 2.0" Pyp=.0191 atm, I =318 A, gap = 2.0"

FIGURE D-4 Typical photographs of high current

free-burning arcs on copper electrodes
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